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GEOMETRY OF FERMAT ADELES

ALEXANDRU BUIUM

Abstract. If L(a, s) :=
∑

n c(n, a)n−s is a family of “geometric” L−functions
depending on a parameter a, then the function (p, a) �→ c(p, a), where p runs
through the set of prime integers, is not a rational function and hence is not a
function belonging to algebraic geometry. The aim of the paper is to show that
if one enlarges algebraic geometry by “adjoining a Fermat quotient operation”,
then the functions c(p, a) become functions in the enlarged geometry at least
for L−functions of curves and Abelian varieties.

1. Introduction

Our starting point is the following formula for the Legendre symbol
(

a
p

)
as a

function of p and a (cf. [8]):

(1.1)
(

a

p

)
= a

p−1
2

(
1 +

∞∑
k=1

(−1)k−1 (2k − 2)!pk

22k−1(k − 1)!k!
(δpa)ka−pk

)
.

Here a is any integer, p is an odd prime number not dividing a, δpa := (a − ap)/p
is the “Fermat quotient of a with respect to p”, and the right-hand side of (1.1)
is viewed as an element of Zp, the ring of p−adic numbers. The proof of (1.1)
is, of course, trivial: the right-hand side is ≡ a

p−1
2 mod p and its square equals

ap−1(1 + p(δpa)a−p) = 1. Note that the right-hand side of (1.1) continues to make
sense if the integer a is replaced by any element in a finite unramified extension of
Zp (provided the Fermat quotient δpa is defined by the formula δpa := (φ(a)−ap)/p,
where φ is the Frobenius automorphism); we would like to interpret this property
by saying that the right-hand side of (1.1) has a “geometric” character.

Now is the formula (1.1) a mere curious fact or is it an instance of a broader
principle? One (easy) way to generalize (1.1) is to consider arbitrary power residue
symbols (Kummer theory), as we shall see. Another way to generalize (1.1) is to
recall that the Legendre symbol belongs, of course, to the arithmetic of conics, and
to then pass from conics to more general varieties. The main results of the present
paper can be viewed as analogues of (1.1) for curves (of arbitrary genus) and for
Abelian varieties. The broader picture that we propose is the following. Let P
denote the set of prime numbers. Then the “interesting” functions

(1.2) f : P × Zm → Z, (p, a) �→ f(p, a)
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appearing in number theory (of which the Legendre symbol f(p, a) :=
(

a
p

)
is the

prototype) are not polynomials in p and a; the language of algebraic geometry,
which is the language of polynomials, does not cover the “truly arithmetic” func-
tions (1.2). (More general examples of functions f that we would like to keep
in mind are given by p−coefficients of L−functions of various algebraic-geometric
objects depending on parameters a.) What we shall do, in this paper, will be to
enlarge usual algebraic geometry by essentially “adjoining” to it one new operation,
the “Fermat quotient operation”; then we propose a “conjectural principle” accord-
ing to which the ring of functions F of this extended geometry “covers” many of the
“interesting” functions (1.2). The ring F will be called the ring of Fermat adeles.
Strictly speaking, as we shall see, in performing this “adjunction” process, two of
the basic old operations on polynomials (composition of polynomials and princi-
pal parts of Laurent polynomials) cease to be defined and need to be re-postulated.
However, unlike the Fermat quotient operator, these two operations belong to “clas-
sical calculus” and have nothing to do with arithmetic. So the moral of our work
should be that all the arithmetic complexity of the “interesting” functions (1.2)
should come from the Fermat quotient operation. By the way, the Fermat quotient
operation, for a fixed p, was used in [5] as a substitute for a “derivation in the
p−direction”. The main idea, as well as the main difficulty, of the present paper is
to vary p in the theory developed in [5].

The plan of the paper is the following. In Section 2 we will introduce our basic
ring F of Fermat adeles and we will state our main results on Abelian varieties,
curves, and power residue symbols. The strategy of our proofs will be the following.
In Section 3, we shall develop, up to a convenient point, a “geometry” whose objects
are families (Xp) (where Xp are formal schemes over Zp and p runs through the
set of all, except finitely many, primes) equipped with “Fermat structure”; such
a structure will simply be a way of controlling all the p’s at the same time, via
the ring F . Then, for any fixed scheme of finite type X over Z, we will consider,
in Section 4, the family (Jr(Xˆp)) of its p−jet spaces of order r introduced in [5]
and we shall equip this family with a natural Fermat structure. In [5] p was fixed;
we will show, in Sections 4 and 5, that one can make p vary while “staying in the
Fermat category”. Now it will turn out (and this will help us conclude) that the
characteristic polynomials of Frobenii on an Abelian variety E are encoded into
the second p−jet spaces J2(Eˆp) of E; the strategy to prove this will be explained
in Section 6. The actual proofs will be carried out in Sections 7 and 8. They will
draw on the theory of differential characters [5], [7] and differential modular forms
[8], [2] which will be quickly reviewed in Section 6.

2. Fermat adeles and statement of the main results

In order to define our ring F of Fermat adeles we will start with the ring of poly-
nomials, P , with integer coefficients (in infinitely many variables), we will consider
its “adelization”, A, we shall define some basic operations on A and, finally, we
shall define F as the smallest subring of A closed under these operations.

2.1. The rings P and A. Let x = {x1, x2, x3, ...} be variables and consider the
ring of polynomials

P := Z[x] =
⋃
n≥0

Z[x1, ..., xn]
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and its “adelization”
A :=

⋃
n≥0

∏
p�∈S

Zp[x1, ..., xn ]̂ p,

where S is a fixed finite set of rational primes and, for each prime p �∈ S, the
superscript ˆp denotes “p−adic completion”. The elements of A will be referred
to as adeles (outside S). The elements of the ring A will be typically viewed as
families (fp), fp ∈ Zp[x1, ..., xn ]̂ p, for some n that does not depend on p. Note that
there is a natural (diagonal) embedding P ⊂ A. Also, A contains a distinguished
element p := (p), the adele whose p−component is p. One can view A with its
p−adic topology. (Note that the “adelic” topology is, of course, “much” weaker
than the p−adic topology.) More generally one can consider, for all k ≥ 1, the
“divided powers” pk/k! := (pk/k!) ∈ A. Denote by P{p} the P−subalgebra of A
generated by all divided powers pk/k!, for k ≥ 1.

2.2. Operations on A. We will consider a few basic operations on the ring P .
These will induce corresponding operations on A.

1) First, for each p, there is the Fermat quotient operator

δp : P → P , δpf :=
f(xp) − f(x)p

p
.

2) Next, for k ≥ 1, there are composition maps

γk : P × P → P , γk(f, g) := f(x1, ..., xk−1, g, xk+1, ...).

3) Finally, consider the principal part operator

P [x−1
1 ] → P , h =

∞∑
k=−d

akxk
1 �→ h− :=

d∑
k=0

a−kxk
1 ,

where ak ∈ Z[x2, x3, ...]. We have an induced principal part operator

β : P → P , β(f(x1, x2, x3, ...)) := (f(x−1
1 , x1, x2, ...))−.

Now the maps δp, γk, β preserve Z[x1, ..., xn] for each n so, extending these maps
by continuity to Zp[x1, ..., xn ]̂ p, taking products for p �∈ S, and letting n → ∞, one
gets maps

1) δp : A → A,
2) γk : A×A → A,
3) β : A → A.

2.3. The ring F . Let us consider the intermediate rings P{p} ⊂ F ⊂ A satisfying
the following conditions:

1) Fermat quotient axiom. δp(F) ⊂ F .
2) Composition axiom. γk(F × F) ⊂ F for all k ≥ 1.
3) Principal part axiom. β(F) ⊂ F .

Any intersection of rings satisfying axioms 1)-3) obviously still satisfies these
axioms. Moreover, the p−adic closure in A of any ring that satisfies axioms 1)-3)
will satisfy axioms 1)-3) and in addition satisfies the following axiom:

4) p-adic closure axiom. F is p−adically closed in A.
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Definition 2.1. The ring of Fermat adeles outside S is the smallest subring of A
that satisfies axioms 1)-4). It will be denoted from now on by F . Alternatively F
is the p−adic closure in A of the smallest subring F0 of A that satisfies axioms
1)-3). A family (fp) ∈ A will be called a Fermat family if it belongs to F .

It is interesting to examine what happens if we remove the Fermat quotient
axiom from our axioms. Indeed, the smallest subring of A containing P{p} and
satisfying axioms 2)-4) is the p−adic closure of P{p}. So the operation δp is, in this
sense, the only “new” one. On the other hand, for evidence that F is reasonably
“small” we refer to Remark 2.7 below.

We close our discussion of Fermat adeles by attaching (formal) L−functions to
them. Let Wittp denote the class of all complete discrete valuation rings with
maximal ideal generated by p and perfect residue field k = R/pR. For any R ∈
Wittp let φ : R → R be the unique automorphism that lifts the p−power Frobenius
on k and let δ : R → R be the map defined by the formula δa = (φ(a) − ap)/p.
For any g ∈ F , any p �∈ S, any R ∈ Wittp, and any P ∈ AN (R), with coordinates
a ∈ RN , we write

g〈P 〉 = g〈a〉 := gp(a, δa, δ2a, ...) ∈ R.

Finally, for any square matrix f with coefficients in F , any g ∈ F , any p �∈ S, any
R ∈ Wittp with residue field of size pd, and any P ∈ AN (R) such that g〈P 〉 ∈ R×

we may consider the matrix, with coefficients in R,

γP :=
f〈P 〉
g〈P 〉

and define the (formal) L−function

LP (f/g, s) := [det(I − p−ds · (φd−1γP ) · (φd−2γP ) · (φd−3γP ) · ... · (φγP ) · γP )]−1.

The above expression is viewed as a formal power series in the symbol p−s, with
coefficients in R.

All our definitions above were relative to a fixed finite set of primes S. To
emphasize this dependence write, for one moment, FS ,AS in place of F ,A. Then
if S′ is a finite set of primes containing S and pr : AS → AS′

is the natural
projection, it is trivial to see that pr(FS) ⊂ FS′

. Unless otherwise stated, S will
be fixed in what follows; there will be, however, instances in which we will have to
modify S.

2.4. Main conjecture and results. Let us describe, in what follows, the arith-
metic functions that we want to “represent” with the help of the elements of F .
The following will be referred to as the standard situation. Assume we are given
a finite set S of rational primes and a number field K with ring of integers OK .
Assume also that we are given an affine scheme of finite type Y/OK and a scheme
of finite type X/Y . Assume finally that for each closed point y ∈ Y we are given
a “local L−function” Ly(X/Y, s) = [det(I −N(y)−s ·Γy)]−1, where N(y) = pdeg(y)

is the size of the residue field κ(y) and Γy is some square matrix with coefficients
in a field extension of K, whose characteristic polynomial has coefficients in OK .

We have in mind the following two basic examples:
1) (Hasse-Weil situation) We assume Y/OK is smooth, Y is connected, X/Y is

smooth, projective, with connected geometric fibers, and Γy is the matrix, with
respect to some basis, of the N(y)−power Frobenius acting on Hi(Xy). Here i is a
fixed integer, Xy := X ⊗ κ(y), and Hi is either the etale (l−adic, l prime to N(y))
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or the crystalline cohomology tensored with Q. (The etale and crystalline theories
give the same L−functions by [18].)

2) (Artin situation) We assume X/Y is a finite Galois cover of integral normal
schemes, with Galois group G, and we assume we are given a finite-dimensional
complex vector space V and a representation ρ : G → GL(V ) such that ρ is inte-
gral over K (i.e. the characteristic polynomials of the elements in its image have
coefficients in the ring of integers OK). The matrices Γy are defined as follows.
For any closed point y ∈ Y let x ∈ X be a closed point above y, consider the
N(y)−power Frobenius as an element in G(κ(x)/κ(y)), lift this element to an ele-
ment σ in the decomposition subgroup Gx ⊂ G of x (cf. [17], p. 15), map σ into
GL(V ) via ρ and let Γy be the matrix, with respect to some basis, of ρ(σ) acting
on the invariants V Ix of the inertia group of x.

To state our conjecture we need one more notation. For any scheme of finite
type Y over Z and any R ∈ Wittp we let Y (R)! denote the set of all R−points of
Y such that the image y(P ) ∈ Y of the closed point of Spec R is a closed point in
Y , and such that the residue field κ(y) equals the residue field k = R/pR.

Conjecture. Assume X/Y is either in the Hasse-Weil situation or in the Artin
situation. Then there exists an embedding Y ⊂ AN , there exists a square matrix f
with coefficients in F and there exists g ∈ F such that for any p �∈ S which splits
completely in K the following hold:

1) There exists R ∈ Wittp and P ∈ Y (R)! such that g〈P 〉 ∈ R×.
2) For any R ∈ Wittp and P ∈ Y (R)! such that g〈P 〉 ∈ R×, we have

Ly(P )(X/Y, s) = LP (f/g, s).

In the above statement LP (f/g, s) is formed by identifying Y (R) with a subset
of AN (R). Part 1) says, roughly speaking, that part 2) is a non-empty (and hence,
in some sense, valid “generically”) statement. In order to check part 2) in the
Hasse-Weil situation it is enough, by crystalline theory, to show that f〈P 〉

g〈P 〉 coincides
with the matrix, with respect to some basis, of the p−power Frobenius acting
on the crystalline cohomology (tensored with Q) group Hi(Xy(P )). In the Artin
situation there is no general analogue of this crystalline picture, but an analogue
of this exists in some interesting situations (e.g. in the “Kummer situation”, as
we shall see presently). Also, the conjectural picture offered above should actually
be extended to include Artin L−functions of Galois representations that are not
necessarily integral over K.

As a matter of terminology, each time we will say that the Conjecture holds
for some X/Y it will be clear what situation (Hasse-Weil or Artin) we are placing
ourselves in: if the fibers of X/Y are connected we are placing ourselves in the
Hasse-Weil situation while if the fibers of X/Y are finite we are placing ourselves
in the Artin situation.

Here are our main results for the Hasse-Weil situation. In the case of curves and
Abelian varieties we prove the Conjecture holds “generically” on the moduli space:

Theorem 2.2. Let K = Q. For each g there exists a finite set of primes S and a
curve X/Y of genus g such that the classifying map from Y to the moduli scheme
of curves is etale, and such that the Conjecture holds for X/Y .

Theorem 2.3. Let K = Q. For each natural number m there exists a finite set
of primes S and a principally polarized Abelian scheme X/Y of relative dimension
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m such that the classifying map from Y to the moduli stack of principally polarized
Abelian schemes is etale, and such that the Conjecture holds for X/Y .

In the case of elliptic curves we can be more specific.

Theorem 2.4. Let K = Q. There exists a finite set of primes S such that if
N is the product of the primes in S, Y = Z[1/N ][a4, a6, ∆−1] (where a4, a6 are
indeterminates, ∆ = 4a3

4 + 27a2
6), and X/Y is the Weierstrass elliptic curve

y2z = x3 + a4xz2 + a6z
3,

then the Conjecture holds for X/Y .

The above theorem will not cover the case of CM elliptic curves: the Fermat
adele g in the Conjecture will vanish, in the case of Theorem 2.4, on all CM elliptic
curves. However one can prove a separate result for CM elliptic curves/Hecke
characters:

Theorem 2.5. Let K be the Hilbert class field of an imaginary quadratic field
K0. Let X/Y be elliptic curve equipped with an invertible 1−form and with an
isomorphism OK0 � End(X/Y ). Then, for a suitable finite set of primes S, the
Conjecture holds for X/Y .

The families X/Y in the above Theorem are, of course, isotrivial; but this does
not make them uninteresting: a typical example for the above theorem can be
obtained by letting K0 = K = Q(ζ3), letting Y be the multiplicative group Gm,Z =
Spec Z[ζ3][t, t−1] over Z[ζ3], and letting X be the elliptic curve

y2z = x3 − tz3.

In the Artin situation we can successfully deal with “power residue symbols”
(Kummer theory):

Theorem 2.6. Let K = Q(ζn) and let S be the set of all primes dividing n. Let
X/Y be the multiplication by n isogeny of the multiplicative group

Gm,Z[ζn,1/n] → Gm,Z[ζn,1/n]

over Z[ζn, 1/n]. Consider the identification ρ of the Galois group G of X/Y with
the group of n−th roots of unity in K× ⊂ C×. Then the Conjecture holds for X/Y .

Let us note that in the hypothesis of Theorem 2.6 the L−functions can be de-
scribed as follows. If R ∈ Wittp and P ∈ Y (R)! corresponding to a ∈ R×, then
take any extension R′ of R in Wittp containing an n−th root a1/n of a and we will
have

Γy(P ) =
φd(a1/n)

a1/n
,

where pd is the size of the residue field of R. Note that our Theorem 2.6 follows if
we can find f, g ∈ F such that, for p ≡ 1 (n), and a ∈ R×, we have g〈a〉 ∈ R× and

f〈a〉
g〈a〉 =

φ(a1/n)
a1/n

.

Of course the right-hand side of the above equality, call it γ, is not a root of unity
in general! One can characterize γ as the unique element in R whose n−th power
is φ(a)

a and which is ≡ mod p to a
p−1

n .
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The proof of Theorem 2.6 is easy and entirely explicit; it will be completed at
the end of the present section. The proofs of the rest of the theorems will occupy
Sections 6-8, and will require a considerable amount of preparation, in Sections 2-5.

2.5. Elementary consequences of the axioms and further remarks. In what
follows we derive a number of completely elementary consequences of the axioms
defining the ring F and we also make a number of remarks. In particular, for a
comparison with Ihara’s viewpoint on Fermat quotients [16] we refer to Remark
2.15 below. For remarks on why various naive approaches to generalizing (1.1) do
not fit into our “Fermat paradigm”, and should be viewed as “non-geometric”, we
refer to Remarks 2.20, 2.21, 2.22 below. For a comment on the relationship between
Dwork’s approach [10] and ours we refer to Remark 2.23 below.

Remark 2.7. It will be useful to introduce the following notations:

P(n) := Z[x1, ..., xn],

hence P(n)̂ p = Zp[x1, ..., xn ]̂ p, and also

A(n) :=
∏
p�∈S

P(n)̂ p,

F(n) := F ∩ A(n).

In what follows we provide some evidence that our ring F is “reasonably small”.
Obviously, one can construct F0 as an ascending union

⋃
F (m)

0 where F (0)
0 = P{p}

and, for m ≥ 0, each ring F (m+1)
0 is generated by

F (m)
0 , δp(F (m)

0 ), γk(F (m)
0 ×F (m)

0 ), β(F (m)
0 ).

This description implies that F0 is countable. Note also that

F0 ⊂
⋃
n

∏
p�∈S

Z(p)[x1, ..., xn].

Now for any n and any ν there is a surjection

F0(n) := F0 ∩ A(n) → F(n)/pνA(n) ∩ F(n).

Since F0(n) is countable so is F(n)/pνA(n)∩F(n). Since A(n)/pA(n) is uncount-
able it follows, in particular, that F(n) �= A(n) for all n. This observation can be
refined as follows. Let g = (gp) ∈ F(n) be such that ordpgp = 0 for infinitely many
p’s. (Here ordpgp is the supremum of the set of all integers m such that pm divides
gp in the ring P(n)̂ p.) We claim that F(n)[g−1] �= A(n)[g−1]. Indeed, we have a
surjective map

F0(n)[g−1] → F(n)[g−1]/pA(n)[g−1] ∩ F(n)[g−1]

so if we assume F(n)[g−1] = A(n)[g−1] we get that the map

F0(n)[g−1] → (A(n)/pA(n))[g−1]

is surjective hence (A(n)/pA(n))[g−1] is countable. Let T be the set of all p �∈ S
such that ordpgp = 0 and let U :=

∏
p∈T (P(n)/pP(n)). Then U is uncountable and

U [ḡ−1] is countable, where ḡ is the image of g in U . By our assumption, however,
ḡ is a non-zero divisor in U so U embeds into U [ḡ−1], a contradiction.

The following remark is in order. Let us say that an element (gp) ∈ A is infinitely
small if ordpgp → ∞ as p → ∞. Let A∞ be the set of infinitely small elements
of A; it is an ideal in A. We will see later that A∞ ⊂ F . Then, clearly, for any
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g ∈ A∞ ∩A(n) we have F(n)[g−1] = A(n)[g−1]. Hence expressing an element of A
as a quotient f/g of elements of F is only significant if we restrict g, for instance,
if ordpgp = 0 for infinitely many p’s. On the other hand note that if g = (gp) is the
Fermat adele in our Conjecture, then, by part 1) of the Conjecture, ordpgp = 0 for
all p �∈ S that splits completely in K, hence for infinitely many p’s.

Also, we will see later that pA(0)∩F(0) = pF(0); hence F(0)/pνF(0) is count-
able for all ν.

Remark 2.8. Using the construction of F0 as a union ∪F (m)
0 (cf. Remark 2.7), one

can easily check that any element (fp) ∈ F0 has the property that there exists an
integer µ ≥ 0 such that, for all p �∈ S, fp is a polynomial with Z(p)−coefficients, of
degree ≤ pµ. Consequently, any element (fp) ∈ F(n) has the following property:
for any integer ν ≥ 0 there exists an integer µ ≥ 0 such that, for all p �∈ S, fp is
congruent mod pν in P(n)̂ p to a polynomial with Zp−coefficients, of degree ≤ pµ.

Remark 2.9. Let us note that the Composition axiom trivially implies that for any
(fp) ∈ F(n) and any (g1

p), ..., (gn
p ) ∈ F(m) we have (fp(g1

p, ..., gn
p )) ∈ F(m). Now

for any polynomial u ∈ P monic, of degree d, in x1 we define

qu, ru : P → P
by letting qu(f), ru(f) be the quotient and the remainder when f is divided by
u. In other words qu(f), ru(f) are defined by the relations f = uqu(f) + ru(f),
degx1(ru(f)) < d. By continuity qu, ru induce maps qu, ru : A → A. We claim that
qxk

, rxk
send F into itself. By the Composition axiom it is enough to check this for

qx1 . Let (fp(x1, ..., xn)) ∈ F(n), u ∈ P(n). By the Composition axiom

(fp(x1, x3, ..., xn+1)x2) ∈ F .

By the Principal part axiom

((fp(x−1
1 , x2, ..., xn)x1)−) ∈ F .

But the latter family coincides with the family (qx1(fp)) and we are done. An
immediate consequence of this is that if (fp) ∈ F(n), fp =

∑
aipx

i
n, aip ∈

P(n − 1)̂ p, then, for all i, we have (aip) ∈ F(n − 1).

Remark 2.10. Next, for k ≥ 1, we consider the usual partial derivative operators

δxk
: P → P , δxk

f :=
∂f

∂xk
.

By continuity we have induced maps

δxk
: A → A.

We claim that each δxk
sends F into itself. (We call this the Differentiability

axiom.) It is sufficient to check this for k = 1. Let (fp(x1, ..., xn)) ∈ F . Then by
the Composition axiom

((fp(x3 + x2, x4, ..., xn+2) − fp(x3, x4, ..., xn+2))x1) ∈ F .

By the Principal part axiom

(((fp(x2 + x1, x3, ..., xn+1) − fp(x2, x3, ..., xn+1))x−1
1 )−) ∈ F .

But the latter equals
((δx1fp)(x2, x3, ..., xn+1))

and we conclude by the Composition axiom again.
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Remark 2.11. For any n set

Cpn(x1, x2) :=
xpn

1 + xpn

2 − (x1 + x2)pn

p
.

Note that (Cp(x1, x2)) ∈ F because of the Fermat quotient axiom and the equality

Cp(x1, x2) = δp(x1 + x2).

It follows, by the Differentiability axiom (Remark 2.10 above), that

(xp−1
2 − (x2 + x1)p−1) = (δx2(Cp(x2, x1))) ∈ F .

Setting x2 = 0, by the Composition axiom, we get (xp−1
1 ) ∈ F , hence, in particular,

(xp
1) ∈ F . By the Composition axiom we get (xpn

1 ) ∈ F for all n. Also, in particular,
since (xp

1) ∈ F we obtain, using the last property in Remark 2.9, that the adele
which is 1 at one prime and 0 at all other primes belongs to F . (Indeed, if l is a
fixed prime and alp is the coefficient of xl

1 in xp
1, then alp is either 1 or 0 according

as p = l or p �= l; on the other hand, by the last property in Remark 2.9, we
have (alp) ∈ F .) In particular any element in A with finite support is in F . This
immediately implies that the ideal A∞ of infinitely small adeles is contained in F .
As a consequence we claim that pA(0)∩F(0) = pF(0). Indeed, if (fp) ∈ A(0) and
(pfp) ∈ F(0), then (δp(pfp)) ∈ F(0). But

δp(pfp) =
pfp − ppfp

p

p
= fp − pp−1fp

p .

However (pp−1fp
p ) is infinitely small, so (fp) ∈ F(0). As a consequence of the

equality pA(0) ∩ F(0) = pF(0) one gets that if a ≥ 0 and b ≥ 1 are integers
such that pa/b ∈ Z(p) for all p �∈ S, then pa/b ∈ F . In particular if s :=

∏
q∈S q,

then ZS := Z[s−1] ⊂ F . Indeed we have pa+b/(a + b)! ∈ F(0), hence pb(pa/b) =
pa+b/b ∈ F(0). Since pa/b ∈ A(0) we conclude that pa/b ∈ F(0).

Remark 2.12. We claim that (Cpn(x1, x2)) ∈ F for all n. Indeed this follows by
induction from the formula

Cpn+1(x1, x2) = ppn−1(Cp(x1, x2))pn

+ Cpn(xp
1 + xp

2,−(x1 + x2)p) + Cpn(xp
1, x

p
2)

together with Remark 2.11 above. As one more consequence note that

(
pn−1∑
i=0

xi
1) ∈ F .

Indeed, by the Composition axiom, it is enough to show that

(((x1 + 1)pn

− 1)x−1
1 ) ∈ F .

The latter equals
(qx1((x1 + 1)pn − 1))

and we conclude by Remarks 2.11 and 2.9.

Remark 2.13. Consider the multiplicative system Σ(n) ⊂ P(n) of all elements in
P(n) which become invertible in the ring of Laurent series

Z[x2, ..., xn]((x1)) := Z[x2, ..., xn][[x1]][x−1
1 ].

Also set Σ :=
⋃

Σ(n). Then the ring of fractions R(n) := Σ(n)−1P(n) is a subring
of Z[x2, ..., xn]((x1)). Similarly R := Σ−1P is a subring of

⋃
Z[x2, ..., xn]((x1)).
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Note that Σ(n) is generated, as monoid, by x1, −1, and all polynomials of the form
1 − x1Q, with Q ∈ P(n). Consider the “principal part” operator h �→ h−

R(n) → P(n)

that maps any h =
∑∞

k=−d akxk
1 ∈ R(n), where ak ∈ Z[x2, ..., xn] into

h− :=
d∑

k=0

a−kxk
1 .

Then, for any integer 1 ≤ k ≤ n, we have an induced “principal part” operator

βk : P(n) ×R(n)k → P(n),

βk(f, r1, ..., rk) := (f(r1, ..., rk, xk+1, ..., xn))−.

By continuity we get an operator

βk : A×Rk → A
We claim that βk(F × Rk) ⊂ F . (We call this the generalized Principal part
axiom.) It is enough to check that βn(F0(n) × Rn) ⊂ F . Let (fp) ∈ F0(n) and
ri = Pix

−m
1 (1 − x1Qi)−1, Pi, Qi ∈ P(n). By Remark 2.8, there exists an integer

µ such that deg(fp) ≤ pµ. Let ν be an integer such that pν ≥ m(pµ + 1) and let
r′i = Pix

−m
1 si, where

si :=
pν∑

j=0

(x1Qi)j .

Then it is easy to see that

(fp(r1, ..., rn))− = (fp(r′1, ..., r
′
n))−.

The right-hand side of the above equality equals, however,

β(fp(..., Pi(x2, x3, ..., xn+1)xm
1 si(x2, x3, ..., xn+1), ...))

and we conclude by the Principal part axiom, plus the last part of Remark 2.12.

Remark 2.14. Assume u ∈ P(n) is a monic polynomial, as in Remark 2.9. Note
that we have the following link between qu : P(n) → P(n) and the principal part
operator βk from Remark 2.13. Let u = xd

1+a1x
d−1
1 +...+ad, a1, ..., ad ∈ Z[x2, ..., xn]

and set g = 1 + a1x1 + ... + adx
d
1 . Let f ∈ P(n). Then we have

qu(f) =
(

f(x−1
1 , x2, ..., xn)

u(x−1
1 , x2, ..., xn)

)−

=
(

f(x−1
1 , x2, ..., xn)xd

1

g

)−

= βn+2(f(x1, ..., xn)xn+1xn+2, x
−1
1 , x2, ..., xn, xd

1, g
−1).

We claim that the following “Euclidean division axiom” is satisfied: qu(F) ⊂ F
and ru(F) ⊂ F . Indeed, if (fp) ∈ F(n), then

(Fp) := (fp(x1, ..., xn)xn+1xn+2) ∈ F(n + 2).

By continuity we still have

qu(fp) = βn+2(Fp, x
−1
1 , x2, ..., xn, xd

1, g
−1)

and we conclude by the generalized Principal part axiom in Remark 2.13. This can
be slightly generalized as follows. For any polynomial u ∈ ZS [x1, ..., xn] monic in
x1 we denote by qu, ru : A → A the maps induced by taking the quotient and the
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remainder in the division by u. It is an easy consequence of the Composition axiom
and the Euclidean division axiom above that if (fp) ∈ F , then (qu(fp)), (ru(fp)) ∈
F . (A similar statement holds with u monic in any other variable.) Indeed the
Euclidean division axiom says our claim is true for the “generic case” when all
coefficients of u except the top one are indeterminates; then one specializes using
the composition axiom.

Remark 2.15. Let φ : A(m) → A(2m) be the ring homomorphism such that φ(xk) =
(xp

k + pxk+m) for all k = 1, ..., m. By the Composition axiom and Remark 2.11,
φ(F) ⊂ F . We claim that for any n(

φn(x1) − xpn

1

p

)
∈ F .

For n = 1 this is trivial. In general we apply induction; if we apply φ to the latter
family we get

φn+1(x1) − xpn+1

1

p
+

xpn+1

1 − (xp
1 + px2)pn

p
.

So it is enough, by the induction hypothesis and by the Composition axiom, to
show that (

xpn

1 − (x1 + px2)pn

p

)
∈ F .

But the latter equals
Cpn(x1, px2) − ppn−1xpn

2

and we are done by Remarks 2.11 and 2.12.

Remark 2.16. Consider the operator

Z[x1, x
−1
1 , x2, ..., xn−1] → Z[x1, x2, ..., xn−1], h �→ h+,

m∑
k=−d

akxk
1 �→

m∑
k=0

akxk
1

(where ak ∈ Z[x2, ..., xn−1]). By continuity we have an induced operator

Zp[x1, x
−1
1 , x2, ..., xn−1 ]̂ p → Zp[x1, x2, ..., xn−1 ]̂ p, h �→ h+.

We claim that if (fp(x1, x2, x3, ..., xn)) is Fermat, then ((fp(x−1
1 , x1, x2, ..., xn−1))+)

is also Fermat. Indeed

(fp(x−1
1 , x1, x2, ..., xn−1))+ = (fp(x1, x

−1
1 , x2, ..., xn−1))−

and we use the Principal part axiom.
Furthermore, assume (fp) ∈ F(n). Then, we claim that for any positive integer

µ,
(xpµ

n fp(x1, ..., xn−1, x
−1
n ))+

belongs to F(n). Indeed, by the Composition axiom and Remark 2.11 we get

(xpµ

2 fp(x3, ..., xn+1, x1)) ∈ F(n + 1)

and we conclude by applying the remark we just made and, again, the Composition
axiom.
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Remark 2.17. For any non-negative integer µ let q
xpµ

1
, r

xpµ

1
: A → A be the opera-

tors that send a family (fp) into the family of quotients (respectively remainders)
when fp is divided by xpµ

1 . We claim that these operators map F into itself. By
Remark 2.6 it is enough to check that this is so for the quotient operator q

xpµ

1
. But

if (fp) ∈ F(n), then, by Remark 2.11, (xpµ

1 fp(x2, x3, ..., xn+1)) ∈ F . Now we are
done by Remark 2.16, noting that

qxpµ

1
(fp(x1, ..., xn)) = (x−pµ

1 fp(x1, ..., xn))+ = (gp(x−1
1 , x1, x2, ..., xn))+,

where gp(x1, x2, x3, ..., xn+1) := xpµ

1 fp(x2, ..., xn+1).
In a similar way the corresponding operators q

xpµ

k
, r

xpµ

k
: A → A map F into F .

We claim now that, for any positive integers n and µ, and for any prime p, one
can find polynomials with integer coefficients A1p, ..., Anp in the variables x1, ..., xn

such that the families (A1p),...,(Anp) are Fermat, and such that

(x1 + ... + xn)npµ

= A1px
pµ

1 + ... + Anpx
pµ

n .

Indeed, by Remark 2.11, ((x1 + ... + xn)npµ

) is a Fermat family; divide it by xpµ

1

with a remainder. Call the quotient A1p and divide the remainder by xpµ

2 . Continue
in this way; after n divisions one gets a remainder which is homogeneous of degree
npµ and has degree < pµ in each of the variables. So this remainder is zero and we
are done.

Remark 2.18. We shall repeatedly need the following fact which is a trivial conse-
quence of the p−adic closure axiom and of Remark 2.11: if 2 ∈ S, then for any
sequence (a2p), (a3p), ... ∈ F(m) we have( ∞∑

n=2

anp
pn−2

n!

)
∈ F(m).

As one of the (many) applications of this, let φ : A(m) → A(2m) be as in Remark
2.15. We claim that for any (fp) ∈ F(m) we have(

φ(fp) − fp
p

p

)
∈ F .

Indeed, if u is the m−tuple x1, ..., xm and y is the m−tuple xm+1, ..., x2m, the p−th
component of the above equals

fp(up + py) − fp(u)p

p
= δpfp +

∑
|I|≥1

p|I|−1

|I|!
|I|!
I!

∂Ifp

∂uI
(up)yI .

Here I are m−tuples of natural numbers, I! is the product of the factorials of the
components of I, and |I| is the sum of the components of I. We conclude by the
Fermat quotient axiom, the Differentiability axiom (Remark 2.10), the Composition
axiom, and Remark 2.11.

Remark 2.19. One comment on the operator

δp : A(0) =
∏
p�∈S

Zp →
∏
p�∈S

Zp, (ap) �→ (δpap), δpap =
ap − ap

p

p
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considered above is in order. Ihara [16] proposed to see the map

d : Z →
∏
p�∈S

Fp, a �→
(

a − ap

p
mod p

)

as an analogue of diffentiation for integers and he proposed a series of conjectures
concerning the “zeroes” of the differential of an integer; these conjectures are com-
pletely open. The main difference between Ihara’s viewpoint and ours is that we
do not consider the reduction mod p of the Fermat quotients but the Fermat quo-
tients themselves. This allows the possibility of iterating our δp which leads to
the possibility of considering higher order “differential equations”; and indeed the
“differential equations” relevant to our theory will have order two! On the other
hand Ihara’s operator d cannot be “a priori iterated”, at least if we accept a stan-
dard conjecture about Mersenne primes. Indeed Voloch proved [26] that if there
are infinitely many Mersenne primes, then there is no operator D : Z → Z which,
composed with the canonical projection Z →

∏
p�∈S Fp, yields Ihara’s operator d.

Remark 2.20. The analogue, for elliptic curves, of Euler’s congruence

(2.1)
(

a

p

)
≡ a

p−1
2 mod (p)

is the formula

(2.2) N(p, a, b) ≡ −Ap(a, b) mod (p),

where N(p, a, b) is the number of Fp−points of the affine elliptic curve y2 = x3 +
ax + b (a, b ∈ Z) and Ap(a, b) ∈ Z is the coefficient of xp−1 in (x3 + ax + b)

p−1
2 .

Our main result on elliptic curves should be viewed as a lifting of congruence (2.2)
to an equality in characteristic zero in same way in which our formula for the
Legendre symbol (1.1) in the Introduction is a lifting of Euler’s congruence (2.1)
to characteristic zero. Our formula for elliptic curves will be, however, far more
complex and far less explicit. Note also that our formula will be “geometric” in the
sense that it will hold for a, b integers in an arbitrary finite unramified extension of
Zp.

Remark 2.21. One could try, of course, a naive approach by first expressing N(p, a, b)
in Remark 2.20 as

(2.3) N(p, a, b) = p + 1 +
p−1∑
x=0

(
x3 + ax + b

p

)

and then expressing
(

x3+ax+b
p

)
with the help of (1.1) in the Introduction. The re-

sulting expression for N(p, a, b) is not a priori a Fermat adele because, for instance,
the summation “symbol”

∑p−1
x=0 is not allowed in our “Fermat adelic language” and,

even “more importantly”, because formula (1.1) for
(

x3+ax+b
p

)
involves denomina-

tors which are powers of x3 + ax+ b; for each a and b, there will be infinitely many
p’s such that these denominators will vanish for some x between 0 and p− 1. This
is something that we do not allow in our theory, and also makes this naive approach
“non-geometric”.
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Remark 2.22. Another naive approach to N(p, a, b) might be based on the formula

(2.4) N(p, a, b) = p + p−1

p−1∑
t=1

p−1∑
x,y=0

ζt(y2−x3−ax−b),
p

where ζp is a primitive p−th root of unity. The right-hand side of this formula,
again, is not a priori a Fermat adele; both the summation symbol and actually ζp

itself are not part of our “Fermat adelic language”, and, again, make this formula
“non-geometric”.

Remark 2.23. It is interesting to compare our theory with Dwork’s [10]; a discussion
on this subject is contained in the Appendix to [8]. One aspect, not mentioned in
[8], is the following. Dwork’s p−adic analytic “formula” for the trace of Frobenius
of an elliptic curve requires ordinary reduction; so if one keeps an elliptic curve
over Q fixed and one varies p, then Dwork’s “formula” only makes sense outside
the supersingular primes (which are infinitely many, by Elkies). On the contrary,
our “Fermat formula” will make sense for all (but finitely many) p’s. This is an
interesting contrast between Dwork’s theory and ours which deserves being under-
stood. Another interesting contrast is provided by the fact that the Teichmuller
lift map appearing in Dwork’s formula is a “differential operator of order one” on
Zp (with respect to δp), whereas our “Fermat formula” in Theorem 2.4 below will
a priori have order two. On the other hand the Teichmuller lift operator, viewed as
a map on the completion of the maximum unramified extension of Zp, has “infinite
order” (it is a “pseudo differential operator”) so it will “transcend” the “Fermat
paradigm”.

Remark 2.24. Here is some preparation for the proof of Theorem 2.6. Let n ≥ 2
be an integer, and let (cp) ∈ A(0), (Fp) ∈ A(1) be defined as follows:

cp =
(p − 1)!

(p−1
n )!(p − p−1

n )!
if p ≡ 1 mod (n),

cp = 0 if p �≡ 1 mod (n),

Fp = cpx
p−1

n
1 if p ≡ 1 mod (n),

Fp = 0 if p �≡ 1 mod (n).

We claim that (Fp) is Fermat (and, hence, (cp) is also Fermat, by the Composition
axiom). This can be seen as follows. Set

cp,i := (−1)i (p − 1)!
i!(p − i)!

, 0 < i < p.

Then

(
p−1∑
i=1

cp,i(x2 + x1)ixp−i
1 ) ∈ F(2).

Indeed the latter adele equals

(
(x1 − (x1 + x2))p − xp

1 + (x2 + x1)p

p
) = (−Cp(x1, x2))

and the latter is in F(2) by Remark 2.11. By Remark 2.9 one can divide by x1 so(
p−1∑
i=1

cp,i(x2 + x1)ixp−1−i
1

)
∈ F(2).
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By the Composition axiom, replacing x2 by xn−1
2 x3 − x1 we get(

p−1∑
i=1

cp,ix
i(n−1)
2 xi

3x
p−1−i
1

)
∈ F(3).

By Remark 2.16 the adele obtained from the previous adele by substituting x1 �→
x−1

1 , x2 �→ x1, x3 �→ x2, and dropping the monomials with negative exponents must
be in F(2); in other words

 p−1∑
i≥ p−1

n

cp,ix
in−(p−1)
1 xi

2


 ∈ F(2).

Now by the Composition axiom we can set x1 = 0 and then replace x2 by x1 to get
(Fp) ∈ F(1).

Proof of Theorem 2.6. Let Fp and cp be as in Remark 2.24, consider the standard
embedding Y = Gm ⊂ A2, a �→ (a, a−1), let g = (gp) = (cp) and let f = (fp) ∈
A(3) be defined by

fp(x1, x2, x3) = Fp(x1)

(
1 +

∞∑
m=1

{1/n}m
pm

m!
xpm

2 xm
3

)
,

where {x}m := x(x− 1)...(x−m+1). By Remarks 2.24 and 2.11, we have f, g ∈ F
and clearly cp ∈ Z×

p for all p ≡ 1 mod (n). On the other hand, for any R ∈ Wittp

and any P ∈ R× with coordinates (a, a−1) the quotient

fp(a, a−1, δa)
gp

is ≡ mod (p) to a
p−1

n and the n−power of this quotient clearly equals φ(a)/a. This
concludes our proof.

3. Fermat structures: General theory

3.1. A family of ring homomorphisms (P(n)̂ p → P(m)̂ p), p �∈ S, will be called a
Fermat family if the product map A(n) → A(m) maps F(n) into F(m). In order
for this to happen, it is enough (by the Composition axiom) that the variables
x1, ..., xn be mapped into F(m).

Assume we are given a family (Ap) of rings, indexed by p �∈ S; by a Fermat
structure on this family we shall understand a family of surjective ring homomor-
phisms (P(n)̂ p → Ap) (where n does not vary with p). Here F does not play any
role but it is convenient, for simplicity, to still call this structure Fermat. If we are
given a Fermat structure as above, then an element (ap) ∈

∏
p�∈S Ap will be called

a Fermat family if it lies in the image of

F(n) ⊂ A(n) →
∏
p�∈S

Ap.

Note that the image of the above ring homomorphism is not, a priori, p−adically
closed. A family in

∏
p�∈S Ap will be called formally Fermat if it is a p−adic limit

of Fermat families. Assume we are given two families of rings (Ap) and (Bp) each
equipped with Fermat structures, say (P(n)̂ p → Ap) and (P(m)̂ p → Bp). A family
of ring homomorphisms (Ap → Bp) will be called Fermat (with respect to our
Fermat structures) if it is induced by a Fermat family of homomorphisms (P(n)̂ p →
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P(m)̂ p). (An important remark is here in order: if (Ap → Bp) is Fermat, and, for
each p, Ap → Bp is an isomorphism, it does not follow a priori that the family of
the inverses (Bp → Ap) is Fermat.) Let FAlg denote the category whose objects
are families of rings (Ap) equipped with a Fermat structure and whose morphisms
(Ap) → (Bp) are the Fermat families (Ap → Bp) of homomorphisms. Note that
if (Ap), (Bp) and (Cp) have Fermat structures (P(n)̂ p → Ap), (P(m)̂ p → Bp),
and (P(r)̂ p → Cp) respectively, and if (Cp → Ap), (Cp → Bp) are Fermat families
of homomorphisms, then (Ap⊗̂CpBp) has a naturally induced Fermat structure
(P(m + n)̂ p → Ap⊗̂CpBp) called the product Fermat structure. Also if (Ap → A′

p),
(Bp → B′

p), and (Cp → C′
p) are Fermat families, so is (Ap⊗̂CpBp → A′

p⊗̂C′
p
B′

p). A
(trivial) example of objects of FAlg is the following. Let Alg denote the category
of finitely generated ZS−algebras. If A is an object of Alg and p �∈ S, then we
denote by Aˆp the p−adic completion of A. For any A as above consider the family
(Aˆp). Any surjective homomorphism π : ZS [x1, ..., xn] → A induces, by passing to
p−adic completions, a Fermat structure on (Aˆp) hence an object of FAlg. Such
a Fermat structure will be called standard. If we replace π by another surjection,
then we obtain another object of FAlg, isomorphic in FAlg to the first one. (Note
that if an element (ap) ∈

∏
p�∈S Aˆp is a Fermat family with respect to a standard

Fermat structure, it is a Fermat family with respect to any other standard Fermat
structure.) On the other hand if we fix, for each A in Alg, a surjection π as above,
then we get a functor Alg → FAlg.

Non-trivial examples will appear when we consider p−jet spaces in the next
section.

In what follows we want to globalize the above notions. One could do this in a
“ringed space theoretic style” but this would introduce unnecessary complications;
we prefer to present the theory in a more ad hoc manner, for this is enough for all
applications we have in mind and is definitely more economical.

3.2. In what follows a formal scheme over Zp will always mean a formal scheme
locally isomorphic to the p−adic completion of a scheme of finite type over Zp. Let
(Xp) be a family indexed by p �∈ S, where each Xp is a formal scheme over Zp.
Giving a Fermat structure on (Xp) will mean, by definition, that:

1) One is given a partially ordered set (I,≤).
2) For each p �∈ S one is given an affine open covering (X(i)

p )i∈I of Xp, such that
X

(i)
p ⊂ X

(j)
p whenever i ≤ j.

3) For each i ∈ I one is given a Fermat structure on the family (O(X(i)
p )), such

that for all i ≤ j the family of restriction maps (O(X(j)
p ) → O(X(i)

p )) is Fermat
(i.e. it is a morphism in FAlg).

By abuse, we shall say that ((X(i)
p )i∈I) is a Fermat structure on (Xp).

If I consists of one element only we say the Fermat structure is coarse. A coarse
structure can only exist, of course, if all the Xp’s are affine.

Assume now we are given two families of formal schemes (Xp) and (Yp) with
Fermat structures ((X(i)

p )i∈I) and ((Y (j)
p )j∈J ), respectively. Let

(πp : Xp → Yp)

be a family of morphisms of formal schemes. We say that this family is a Fermat
family if for any j ∈ J there exists a subset I(j) ⊂ I with the property that for all
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p we have

π−1
p (Y (j)

p ) =
⋃

i∈I(j)

X(i)
p

and for all i ∈ I(j) the induced family of maps

(O(Y (j)
p ) → O(X(i)

p ))

is Fermat (i.e. it is a morphism in FAlg). A composition of two Fermat families
of morphisms is Fermat. We shall denote by FSch the category whose objects
are families (Xp) of formal schemes with Fermat structures and whose morphisms
(Xp) → (Yp) are Fermat families (Xp → Yp) of morphisms.

Here are some (trivial but useful) examples/definitions. Non-trivial examples
will appear when we consider p−jet spaces in the next section.

First, let FSchcoarse be the full subcategory of FSch whose objects are those
with coarse Fermat structure. Then there is a functor FAlg → FSchcoarse; it
associates to any object (Ap) in FAlg the family (Spf Ap) with the coarse Fermat
structure.

Another example can be constructed as follows. Let Sch denote the category of
schemes of finite type over ZS . Let X be an object of Sch. On the family (Xˆp)
of the p−adic completions of X one can put the following Fermat structure called
the full Fermat structure. We take the index set I to be in bijection with the set
of all affine open subsets of X (for i ∈ I we denote by Xi ⊂ X the corresponding
open set), we let i ≤ j iff Xi ⊂ Xj , we set X

(i)
p := Xiˆp, we choose isomorphisms

σi : ZS [T ]/(f) � O(Xi) (where T is a tuple of indeterminates and f is a tuple of
polynomials), and we put on (O(Xiˆp)) = (O(Xi)̂ p) the standard Fermat structure
defined by the surjection ZS [T ] → O(Xi). In this way (Xˆp) becomes an object
(Xp)full in FSch. If we change the collection of isomorphisms (σi) the new object
of FSch will be isomorphic to the original one. On the other hand, if for any X
we fix such a collection (σi), then we obtain a functor Sch → FSch.

(N.B. We have previously defined a functor Alg → FAlg and we also have
an obvious functor Alg → Sch; note however that the functor Alg → FAlg →
FSchcoarse → FSch is not isomorphic to Alg → Sch → FSch.)

Finally, another more general example that will play a role later is obtained by
considering an affine morphism of ZS−schemes of finite type π : X → Y ; put on
(Xˆp) the Fermat structure whose index set is the set J of all affine open sets Yj

of Y and whose open sets are X
(j)
p := π−1(Yj )̂ p, with standard Fermat structure

on (O(π−1(Yj )̂ p)). We get an object of FSch denoted by (Xˆp)ind whose Fermat
structure we call induced from Y via π.

3.3. Let (Yp) be an object of FSch, i.e. a family of formal schemes equipped with
a Fermat structure ((Y (j)

p )j∈J ); moreover, for each j, let (P(nj )̂ p → O(Y (j)
p )) be

the defining Fermat structure on (O(Y (j)
p )). Now let (Xp) be a family of formal

schemes. We say that (Xp) is closed in (Yp) if each Xp is a closed formal subscheme
of Yp. If this is the case, then we can define the deduced Fermat structure on (Xp)
by taking the same index set J and setting X

(j)
p := Y

(j)
p ∩Xp with Fermat structure

on (O(Y (j)
p ∩ Xp)) defined by the surjections P(nj )̂ p → O(Y (j)

p ) → O(Y (j)
p ∩ Xp).

Clearly, the family of embeddings (Xp → Yp) is Fermat.
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Proposition 3.1. Assume that (Zp) and (Yp) are objects of FSch and (Zp → Yp)
is a morphism in FSch. Assume (Xp) is closed in (Yp) and view (Xp) with its
deduced Fermat structure. Assume that for each p the morphism of formal schemes
Zp → Yp factors through a morphism of formal schemes Zp → Xp. Then (Zp → Xp)
is a Fermat family.

Proof. A trivial exercise. �

The next proposition deals with the “local character” of Fermat families.

Proposition 3.2. Let U be an integral affine scheme of finite type over Spec ZS ,
with integral fibers, and dominating Spec ZS , and let (Ui) be an affine open covering
of U . Then there exists a finite set of places S′ containing S satisfying the following
property: if a family

(ap) ∈
∏
p�∈S

O(Uˆp)

is such that for each i the image of (ap) in
∏

p�∈S O(Uiˆp) is a formally Fermat
family, then the image of (ap) in

∏
p�∈S′ O(Uˆp) is formally Fermat.

(Here (O(Uiˆp)) and (O(Uˆp)) are viewed with their standard Fermat structure.)
We stress the fact that S′ depends only on U and Ui and not on (ap). It is not
clear if in the above proposition we may replace “formally Fermat” by “Fermat”.

To prove Proposition 3.2 we need the following lemma in commutative algebra:

Lemma 3.3. Let A be an integral domain, let p ∈ A be a prime element, let
I ⊂ A be a prime ideal, not containing p, such that (I, p) is also prime, and let
g ∈ A, g �∈ (I, p). Then, for any positive integer n, the map A/pnA → (A/pnA)g

is injective and
I(A/pnA)g ∩ (A/pnA) = I(A/pnA).

Proof. The injectivity of A/pnA → (A/pnA)g is trivial. Now assume a ∈ A is such
that its image in A/pnA belongs to I(A/pnA)g ∩ (A/pnA) and let us prove that
the image of a in A/pnA lies in I(A/pnA). One can write

agk = b + pnc

with b ∈ I, c ∈ A, k ≥ 0. In particular agk ∈ (I, p). Hence a ∈ (I, p). Write

a = d + pa1,

d ∈ I, a1 ∈ A. We get pa1g
k = (b − dgk) + pnc. It follows that p divides b − dgk

which is in I. Since I is prime and does not contain p we have b − dgk = pb1 with
b1 ∈ I. Dividing by p we get

a1g
k = b1 + pn−1c.

Now we can repeat the argument and find a sequence a2, ..., an such that

a1 = d1 + pa2, ..., an−1 = dn−1 + pan, d1, ..., dn−1 ∈ I.

Hence we compute

a = d + pd1 + p2d2 + ... + pn−1dn−1 + pnan ∈ (I, pn)

which closes the proof. �
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Proof of Proposition 3.2. Write U = Spec ZS [x]/I, x a tuple of indeterminates;
then I is prime and for each p �∈ S, we have p �∈ IZ(p)[x], and (I, p)Z(p)[x] is prime.
Cover each Ui by affine open sets W which are principal in U ; since the image of
(ap) in

∏
p�∈S O(Wˆp) will be a formally Fermat family, we may assume that our

covering (Ui) is finite (i ∈ {1, ..., m}) and all Ui are principal in U . So we can write
Ui = Spec (ZS [x]/I)gi = ZS [x, yi]/(I, giyi − 1), where g1, ..., gm ∈ ZS [x] are such
that h1g1 + ... + hmgm = 1− b with hi ∈ ZS [x], b ∈ I. Set g = g1...gm ∈ ZS [x]. Let
S′ be a finite set of primes such that g �∈ (I, p)Z(p)[x] for all p �∈ S′. At this point
we may replace S by S′.

Let ap be the image of some Fp = Fp(x) ∈ Zp[x]̂ p and fix a positive integer ν.
By hypothesis there exist Fip, Kip ∈ Zp[x, yi ]̂ p such that (Fip) is a Fermat family
for each i and such that

(3.1) Fp(x) − Fip(x, yi) =
∑

j

bijcij + (giyi − 1)ci + pνKip(x, yi)

in the ring Zp[x, yi ]̂ p, where bij ∈ I, cij , ci ∈ Zp[x, yi ]̂ p. Set yi �→ 1/gi ∈ (Zp[x]g )̂ p

in equation (3.1); we get an equality in the ring (Zp[x]g )̂ p

(3.2) Fp(x) − Fip(x, g−1
i ) =

∑
j

bij c̃ij + pνKip(x, g−1
i ),

where c̃ij ∈ (Zp[x]g )̂ p. By Remark 2.8 there exists a positive integer µ such that
each Fip is congruent modulo pν to a polynomial in Zp[x, yi] of degree ≤ pµ. Hence
we can write, in the ring Zp[x, z, z−1]̂ p (where z is a variable),

(3.3) zpµ

Fip(x, z−1) = zpµ

Φ(ν)
ip (x, z−1) + pνΨ(ν)

ip ,

where Φ(ν)
ip is a polynomial of degree ≤ pµ in Zp[x, z] and Ψ(ν)

ip ∈ Zp[x, z, z−1]̂ p.
Applying the operator f �→ f+ “with respect to z” (cf. Remark 2.16) to equation
(3.3) we get

(3.4) (zpµ

Fip(x, z−1))+ = zpµ

Φ(ν)
ip (x, z−1) + pν(Ψ(ν)

ip )+.

Set F̃
(ν)
ip := (zpµ

Fip(x, z−1))+; by Remark 2.16 (F̃ (ν)
ip ) is a Fermat family. Subtract-

ing equation (3.4) from equation (3.3) we get

(3.5) zpµ

Fip(x, z−1) = F̃
(ν)
ip + pνΨ̃(ν)

ip ,

where Ψ̃(ν)
ip ∈ Zp[x, z, z−1]̂ p. Setting z �→ gi in the last equality we get an equation

(3.6) gpµ

i Fip(x, g−1
i ) = F

(ν)
ip + pνΨ(ν)

ip

in the ring (Zp[x]g )̂ p, where F
(ν)
ip ∈ Zp[x]̂ p, (F (ν)

ip ) is a Fermat family (by the

Composition axiom), and Ψ(ν)
ip ∈ (Zp[x]g )̂ p. Combining equations (3.1) and (3.6)

we get

(3.7) gpµ

i Fp = F
(ν)
ip + pνΘ(ν)

ip +
∑

j

bijc
(ν)
ij ,

where c
(ν)
ij , Θ(ν)

ip ∈ (Zp[x]g )̂ p. Let A1p, ..., Anp be as in the Remark 2.17. In partic-
ular they are polynomials in n variables with integer coefficients, they form Fermat



920 ALEXANDRU BUIUM

families, and

(3.8) (1 − b)npµ

= (
n∑

i=1

higi)npµ

=
n∑

i=1

Hipg
pµ

i ,

where Hip := Aip(h1g1, ..., hngn)hpµ

i ∈ Z(p)[x]. Clearly, (Hip) are Fermat families.
Multiplying equation (3.7) by Hip and taking the sum over all i we get

(3.9) Fp = F (ν)
p + pνΘ(ν)

p +
∑

j

bjc
(ν)
j ,

where F
(ν)
p ∈ Zp[x]̂ p form a Fermat family, Θ(ν)

p ∈ (Zp[x]g )̂ p, bj ∈ I, and c
(ν)
j ∈

(Zp[x]g )̂ p. Consider the image of equation (3.9) via the surjection

(Zp[x]g )̂ p → (Zp[x]g )̂ p/(pν) =
(

Z(p)[x]
pνZ(p)[x]

)
g

and denote by F̄p and F̄
(ν)
p the images of Fp and F

(ν)
p via this surjection. By Lemma

3.3 applied to A = Z(p)[x] we have

Z(p)[x]
pνZ(p)[x]

⊂
(

Z(p)[x]
pνZ(p)[x]

)
g

,

F̄p − F̄ (ν)
p ∈ I

(
Z(p)[x]

pνZ(p)[x]

)
g

∩
(

Z(p)[x]
pνZ(p)[x]

)
= I

(
Z(p)[x]

pνZ(p)[x]

)
.

Consequently
Fp − F (ν)

p ∈ IZp[x]̂ p + pνZp[x]̂ p

and we are done since the image a
(ν)
p of F

(ν)
p in O(Uˆp) is congruent modulo pν to

ap.

Proposition 3.4. Let u ∈ ZS [x1, ..., xn] be a polynomial and let

U = Spec ZS [x1, ..., xn]/(u)

be the “hypersurface defined by u”. Then there exists a finite set of primes S′,
containing S, such that any formally Fermat family in

∏
p�∈S′ O(Uˆp) is Fermat.

Proof. After a linear change of variables and after enlarging S to some S′ we may
assume u is monic in xn. Now let (fp) ∈

∏
p�∈S′ O(Uˆp) be a p−adic limit of Fermat

families (f (ν)
p ) in this ring. Let (Fp), (F

(ν)
p ) ∈

∏
p�∈S′ P(n)̂ p be liftings of (fp), (f

(ν)
p )

with (F (ν)
p ) Fermat. We may write

Fp = F (ν)
p + pνH(ν)

p + uG(ν)
p

for some H
(ν)
p , G

(ν)
p ∈ P(n)̂ p. To conclude apply, to the above equality, the endo-

morphism ru of P(n)̂ p that takes the remainder when a series is divided by u. By
Remark 2.14 we get that (ru(Fp)) is Fermat, hence (fp) is Fermat. �

Next we will be concerned with residues of “Fermat” families of 1−forms. We
need some preparation.
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3.4. Let M be a Noetherian ring and let C/M be a curve (by which we will mean
here a smooth projective morphism C → B = Spec M , of relative dimension one,
with connected fibers). Let Γ ⊂ C be a closed subscheme in C, and let V ⊂ C be
an affine open subset containing Γ. Then V will be called a prepared neighborhood
of Γ if it has the form V = Spec((M [x, y]/(g))h), where g ∈ M [x, y], h ∈ M [x],
such that, upon denoting W := Spec(M [x]h), the following conditions are satisfied:

1. g is monic in y (in particular V is finite over W ), and
2. V is etale over W .

If Γ = P above is the image of an M−point P ∈ C(M) and if O ∈ W (M) denotes
the M−point of W defined by x �→ 0, we may, and will, assume that, in the
definition above, P �→ O via V (M) → W (M) and h(0) = 1; indeed, if P �→ O, then
h(0) is automatically invertible in M .

Lemma 3.5. Let C/M be a curve, where M = k is a field of characteristic zero,
let Γ ⊂ C be a closed subscheme, and let U ⊂ C be an affine neighborhood of Γ in
C. Then there exists a prepared neighborhood V of Γ contained in U .

Proof. This is a simple fact of projective geometry. Embed k into an algebraic
closure k̄ of k and replace all schemes with their sets of k̄−rational points. Set
T = C\U . Embed C into a projective space and let π : C → C′ ⊂ P2 be a
succession of projections with centers k−rational points. Let T ′ be the union of
π(T ) with the singular locus of C′. Then, upon choosing the projection points
suitably, we may assume that for any P ∈ Γ we have P ′ := π(P ) �∈ T ′ and C → C′

is birational. Choose projective coordinates X, Y, Z in P2, defined over k, such that,
denoting by LX , LY , LZ the lines defined by the vanishing of the corresponding
coordinates, we have π(Γ) ∩ LZ = ∅. Consider the affine coordinates x = X/Z,
y = Y/Z, and let g(x, y) = 0 be the affine equation of C′ in these coordinates, with
g having coefficients in k. For λ ∈ k set X1 = X − λY , x1 = x − λy. Then we can
write

g(x, y) = g(x1 + λy, y) = g1(x1, y)

where g1 ∈ k[x1, y]. Consider the projection ϕP ′ : C′ → LZ of center P ′ and let
Qλ = (λ : 1 : 0). Also, for any morphism f between (possibly singular) curves
denote by Ram(f) the set of all k̄−rational points in the source curve where f is
not etale. Then for all except finitely many values of λ the following conditions
hold:

1) The polynomial g1 is monic in y,
2) Ram(ϕ) ∩ ϕ−1

P ′ (Qλ) = ∅, for any P ∈ Γ,
3) Qλ is not on the tangent to C′ at the point P ′, for any P ∈ Γ,
4) Qλ is not on any of the lines P ′Q′ for any P ∈ Γ, Q′ ∈ T ′ and
5) Qλ is not on C′.

Now consider the projection ψ : C′ → LY of center Qλ. The above properties imply
that:

a) ψ−1(ψ(P ′)) ∩ T ′ = ∅ for any P ∈ Γ, and
b) Ram(ψ) ∩ ψ−1(ψ(P ′)) = ∅ for any P ∈ Γ.
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Define the following sets:

T ′′ = ψ(Ram(ψ) ∪ T ′) ∪ {(1 : 0 : 0)} ⊂ LY ,

W = LY \T ′′,

V ′ = C′\ψ−1(T ′′) ⊂ C′,

V = π−1(V ′).

Note that the morphism V ′ → W is finite and etale, while V → V ′ is an isomor-
phism (because V ′ is non-singular). Finally note that Γ ⊂ V ⊂ U . Now ψ is given
in projective coordinates by (X, Y, Z) �→ (X − λY, Z) hence, in affine coordinates
by (x, y) �→ x − λy = x1. Therefore V � V ′ → W is given by taking the tensor
product with k̄ of an inclusion of rings k[x1]h → (k[x1, y]/(g1))h, where h ∈ k[x1]
is the polynomial whose roots in k̄ are the x1−coordinates of the points in T ′′. �

Corollary 3.6. Let C/M be a curve, let Γ ⊂ C be a closed subscheme, and let U be
an affine neighborhood of Γ in C. Assume M is an integral domain of characteristic
zero. Then, after replacing Spec M by a Zariski open set of it, one can find a
prepared neighborhood of Γ contained in U .

3.5. Let C/B be a curve, B = Spec M , let P ∈ C(M) be an M−point on
it, assume V is a prepared neighborhood of P and assume M is an integral do-
main of characteristic zero. Let ω ∈ H0(V, ΩC/B) and η ∈ O(V \P ). Consider
ResP (ηω), the residue of ηω at P , which is a priori an element of the fraction
field of M . It will be important later to compute this residue as follows. Let
V = Spec((M [x, y]/(g))h) and W := Spec(M [x]h) be as in Section 3.4 above;
hence V \P = Spec((M [x, y]/(g))xh). Assume η is given as the image, modulo g, of
an element f ∈ (M [x]xh)[y]. Since g is monic (say, of degree d) in y we can consider
the remainder rg(f) when f is divided by g and write it in the form

rg(f) = f0 + f1y + ... + fd−1y
d−1,

where fi ∈ M [x]xh. Since V → W is etale we may write ω = udx, where u ∈ M [x]h.
Let Tr : (M [x, y]/(g))xh → M [x]xh be the trace map. Then

Tr(ηω) = Tr(u
d−1∑
i=0

fiy
idx) = (u

d−1∑
i=0

fiTr(yi))dx ∈ M [x]xhdx ⊂ M((x))dx.

The coefficient of x−1dx in the above expression equals the usual residue
ResO(Tr(ηω)). Since ψ : V → W is finite, by [23], p. 22, we have

ResO(Tr(ηω)) =
∑

ψ(Q)=O

ResQ(ηω),

where Q runs through the set of all k̄−points of V mapped to O by ψ, where k̄ is
the algebraic closure of the fraction field k of M . However, since ηω is regular on
V \P , the right-hand side of the above equality reduces to ResP (ηω). Consequently
ResP (ηω) is simply the coefficient of x−1 in the sum

u
d−1∑
i=0

fiTr(yi) ∈ M [x]xh.

Note in particular that ResP (ηω) belongs to M (and not merely to k).
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The above discussion generalizes, in an obvious way, to the case when M is a
product of integral domains (rather than an integral domain). This is the case, for
instance, when M is a smooth Z−algebra or some p−adic completion of a smooth
Z−algebra.

The construction above allows one to define ResP (η̂ω) ∈ Mˆp for any η̂ ∈
O(V \P )̂ p. (Here ˆp denotes, as usual, the p−adic completion, and note that
such an η̂ can have an “essential singularity” at P .) Indeed one takes a sequence
η(ν) ∈ O(V \P ) converging p−adically to η̂ and one defines ResP (η̂ω) as the p−adic
limit of the ResP (η(ν)ω)’s. This definition is, of course, independent of the choice
of V .

Lemma 3.7. Assume M is a smooth Z−algebra, S is a finite set of primes, C/M
is a curve, P ∈ C(M) is a point, V is a prepared neighborhood of P in C, ω ∈
H0(V, ΩC/M ) is a regular 1−form on V and

(η̂p) ∈
∏
p�∈S

O(V \P )̂ p

is a formally Fermat family outside S (with respect to the standard structure). Then
the family of residues

ResP (η̂pω) ∈
∏
p�∈S

Mˆp

is formally Fermat outside S.

Proof. Represent M as Z[t]/(v), where t is a tuple of indeterminates and v is a
tuple of polynomials. Also, let us borrow our notations from Section 3.5 above. By
hypothesis there exists a sequence of Fermat families

(F (ν)
p ) ∈

∏
p�∈S

Zp[t, x, y, z ]̂ p

whose image in
∏

p�∈S O(V \P )̂ p (via the map z �→ (xh)−1) converges p−adically

to (ηp). Let η̂
(ν)
p ∈ O(V \P )̂ p be the image of F

(ν)
p . Let rg : Zp[t, x, y, z ]̂ p →

Zp[t, x, y, z ]̂ p be the operator that takes the remainder in the division by g (where
polynomials are viewed in the variable y). By Remark 2.14, the family (rg(F

(ν)
p ))

is Fermat. Write

rg(F (ν)
p ) =

d−1∑
i=0

F
(ν)
ip yi,

where F
(ν)
ip ∈ Zp[t, x, z ]̂ p. By Remark 2.9, the families (F (ν)

ip ) are Fermat. Write
ω = udx, with u the image of some U ∈ Z[t, x, w] via w �→ h−1. Also let Tr(yi) ∈
M [x]h be images of Θi ∈ Z[t, x, w]. Then, for each ν, the family

(G(ν)
p (t, x, z, w)) := (U(t, x, w)

d−1∑
i=0

F
(ν)
ip (t, x, z)Θi) ∈

∏
p�∈S

Zp[t, x, z, w]̂ p

is Fermat. Let H ∈ Z[t, x] be a lifting of h with H(t, 0) = 1. Then, by Re-
marks 2.9 and 2.13, the coefficient of x−1 in (G(ν)

p (t, x, (xH)−1, H−1)) is a Fer-
mat family in

∏
p�∈S Zp[t]̂ p. By Section 3.5 above the latter family projects into

(ResP (η̂(ν)
p ω)) ∈

∏
p�∈S Mˆp, hence this latter family is Fermat. It follows that

(ResP (η̂pω)) ∈
∏

p�∈S Mˆp is formally Fermat and our lemma is proved. �
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3.6. Let M be a Noetherian ring, let C/M be a curve, and let U = (Ui)i∈I be an
affine open covering. We say that U is prepared if:

1) For each i ∈ I the open set C\Ui is the union of the images of a finite set
Zi ⊂ C(M) of M−points of C and the points in Z :=

⋃
Zi are disjoint.

2) For any P ∈ Z there exists a prepared neighborhood VP of P contained in
(C\Z) ∪ {P}.

In 1) above by the points of Z being disjoint we mean, of course, that the
images of the corresponding maps Spec M → C are disjoint. This being the case,
(C\Z)∪{P} = C\(Z\{P}) is then an open set containing P . Corollary 3.6 implies
the following:

Corollary 3.8. Let C/M be a curve where M is an integral domain of character-
istic zero, and let U be an affine open covering of C. Then, after replacing Spec M
by a dense etale open set of it, U becomes prepared.

3.7. Let M be a smooth Z−algebra, let C/M be a curve, let U be an affine open
covering of C, and let ω ∈ H1(C, ΩC/M ) be a global 1−form. We need to review
the construction of the map

〈 , ω〉 : H1(C ⊗ Mˆp,OC⊗Mˆp) → Mˆp

induced by Serre duality and to consider a similar map

〈 , ω〉 : H1(U ,OCˆp) → Mˆp

in case we have a prepared covering U = (Ui) of C (which we also view as a covering
of C ⊗ Mˆp and of Cˆp). Let Z and VP be as in Section 3.6 above. Let us fix an
index j0. Moreover, for any point P ∈ Z choose an index iP such that P ∈ UiP .

For any cocycle (ηij) ∈ Z1(U ,OC⊗Mˆp), ηij ∈ O(Uij)⊗Mˆp, representing a class
η ∈ H1(C ⊗ Mˆp,OC⊗Mˆp) one defines the Serre pairing

〈η, ω〉 =
∑
P∈Z

ResP (ηiP j0ω) ∈ Mˆp.

Of course, changing j0, as well as changing the choice P �→ iP , does not change the
value of the above expression.

Similarly assume (η̂ij) ∈ Z1(U ,OCˆp) is a cocycle, η̂ij ∈ O(Uij )̂ p; we define,
using Section 3.5,

〈(η̂ij), ω〉 =
∑
P∈Z

ResP (η̂iP j0ω) ∈ Mˆp.

We claim that the two definitions are compatible in the following sense. First
there is a canonical homomorphism

(∗) Z1(U ,OCˆp) → H1(C ⊗ Mˆp,OC⊗Mˆp)

which can be described as follows. If (η̂ij) ∈ Z1(U ,OCˆp), then (η̂ij) induces a
compatible system of cocycles in Z1(U ,OC⊗M/(pν)), hence a compatible system of
classes in H1(C ⊗ M/(pν),O), hence, a class η ∈ H1(C ⊗ Mˆp,O). Our claim is
that

〈η, ω〉 = 〈(η̂ij), ω〉.
Indeed, if η is represented by ηij ∈ Z1(U ,OC⊗Mˆp), then for all ν we must have

η̂ij − ηij = f
(ν)
i − f

(ν)
j + pνg

(ν)
ij
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in O(Uij )̂ p, where f
(ν)
i ∈ O(Ui) and g

(ν)
ij ∈ O(Uij )̂ p. We conclude that

〈η, ω〉 − 〈(η̂ij), ω〉 ∈ pνMˆp

for all ν and our claim is checked. By the way, the kernel of the homomorphism
(∗) above is the group of coboundaries B1(U ,OCˆp); to see this use the surjectivity
of the maps

H0(C ⊗ M/(pν+1),O) → H0(C ⊗ M/(pν),O).

The following is an immediate consequence of Section 3.7 and Lemma 3.7:

Corollary 3.9. Let S be a finite set of primes and let M be a smooth ZS−algebra.
Let C/M be a curve, let U = (Ui) be a prepared affine open covering of C, and let
ω ∈ H0(C, ΩC/M ) be a global 1−form. For each p �∈ S let (η̂ijp)ij ∈ Z1(U ,OCˆp) be
a cocycle and let ηp ∈ H1(C ⊗ Mˆp,OC⊗Mˆp) be its image. Assume that for each
i, j the family

(η̂ijp)p ∈
∏
p�∈S

O(Uij )̂ p

is formally Fermat. Then the family

(〈ηp, ω〉) ∈
∏
p�∈S

Mˆp

is formally Fermat.

Sometimes, upon enlarging S, we may conclude that (〈ηp, ω〉) is Fermat. One
such case is given by Proposition 3.4. Another useful instance is given by the
following:

Proposition 3.10. Let S be a finite set of primes and let U and V be affine smooth
schemes over Z. Let V → U be a dominant, generically finite morphism and let
t be a finite family of indeterminates. Then there exists a finite set of primes S′

containing S and a non-empty Zariski open set U ′ ⊂ U with the following property.
Let (fp) ∈

∏
p�∈S O(U)[t]̂ p be such that the image of (fp) in

∏
p�∈S O(V )[t]̂ p is

formally Fermat; then the image of (fp) in
∏

p�∈S′ O(U ′)[t]̂ p in Fermat.

Proof. Case 1: V = U . We may assume M := O(U) = (ZS [x, y]/(g))h =
ZS [x, y, w]/(g, wh − 1), where x = {x1, ..., xn}, g ∈ ZS [x, y] is monic in y, and
h ∈ ZS [x]. By enlarging S we may assume, by Proposition 3.4, that any formally
Fermat family in

∏
p�∈S(ZS [x, t]h)̂ p is Fermat. Now let

(fp) ∈
∏
p�∈S

M [t]̂ p

be formally Fermat. So if Fp ∈ Zp[x, y, w, t]̂ p are liftings of fp, then there ex-
ist Fermat families (F (ν)

p ) ∈
∏

p�∈S Zp[x, y, w, t]̂ p and elements H
(ν)
p , K

(ν)
p , L

(ν)
p ∈

Zp[x, y, w, t]̂ p such that

F (ν)
p − Fp = H(ν)

p g + K(ν)
p (wh − 1) + pνL(ν)

p .

Applying the operator rg : Zp[x, y, w, t]̂ p → Zp[x, y, w, t]̂ p induced by taking re-
mainders when division by g is performed (where g is viewed as polynomial in y)
we obtain

(∗) rg(F (ν)
p ) − rg(Fp) = rg(K(ν)

p )(wh − 1) + pνrg(L(ν)
p ).
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By Remark 2.14, (rg(F
(ν)
p )) is still Fermat. Write

rg(F (ν)
p ) =

d−1∑
i=0

aνip(x, w, t)yi, rg(Fp) =
d−1∑
i=0

aip(x, w, t)yi.

By Remark 2.14, again, we get that, for each i, the family (aνip(x, w, t)) is Fermat.
Picking out coefficients of yi in (∗) and then setting w �→ 1/h we get that the family
(aip(x, 1/h, t)) ∈

∏
p�∈S(Z[x, t]h )̂ p is formally Fermat, hence Fermat. We conclude

that fp =
∑d−1

i=0 aip(x, 1/h, t)yi ∈
∏

p�∈S((Z[x, y, t]/(g))h )̂ p is Fermat and we are
done.

Case 2: V arbitrary. We may assume U = Spec M , V = Spec N , N :=
M [z]/(f), where f ∈ M [z] is a monic polynomial of degree d in one variable z.
Write M = Z[s]/I, N = Z[s, z]/(I, F ), where s is a tuple of variables, I is some
ideal, and F is a monic polynomial in z of degree d mapping to f . Let (fp) be as
in the statement of the proposition. We will show that (fp) is a formally Fermat
family in

∏
p�∈S M [t]̂ p; in view of Case 1 in our proof this will close the proof

of our proposition. Now we know that (fp) is a p−adic limit of families (f (ν)
p ),

f
(ν)
p ∈ N [t]̂ p with f

(ν)
p the image of some F

(ν)
p ∈ Zp[s, z, t]̂ p, such that (F (ν)

p )
is a Fermat family. By Remark 2.14 we may assume F

(ν)
p =

∑d−1
i=0 F

(ν)
p,i zi, where

F
(ν)
p,i ∈ Zp[s, t]̂ p. By Remark 2.9 the families (F (ν)

p,i ) are Fermat, for all i and ν.

Let f
(ν)
p,i ∈ M [t]̂ p be the image of F

(ν)
p,i . We claim that, for each ν, (f (ν)

p,0 ) converge
p−adically to (fp) and this will close our proof. To check our claim note that
f

(ν)
p =

∑d−1
i=0 f

(ν)
p,i zi. Since

(f (ν)
p − fp) = (f (ν)

p,0 − fp) + (
d−1∑
i=1

f
(ν)
p,i zi)

converges p−adically to (0) and N [t]̂ p is a free M [t]̂ p−module with basis 1, z, ...,

zd−1, it follows that (f (ν)
p,0 − fp) converges p−adically to (0). �

4. Fermat structure on families of p−jet spaces

4.1. Let us quickly review the theory of p−jet spaces, as developed in [5], [8]. In
what follows p is any prime integer. By a p−derivation δ : A → B from a ring A
into an A−algebra B we understand a map satisfying

δ(x + y) = δx + δy + Cp(x, y),

δ(xy) = xpδy + ypδx + pδxδy,

where Cp(X, Y ) := (Xp +Y p − (X +Y )p)/p ∈ Z[X, Y ]. If δ is a p−derivation, then
the map φ : A → B, φ(x) := xp + pδx is a ring homomorphism. By a prolongation
sequence we understand a sequence of rings Mn, n = 1, 2, 3, ..., such that each Mn+1

is a Mn−algebra and such that one is given p−derivations δn : Mn → Mn+1, each
δn prolonging the previous δn−1. (By abuse we denote all δn by δ.) Prolongation
sequences form, in an obvious way, a category. Denote by Prolp the full subcategory
whose objects are the prolongation sequences M∗ for which Mn are Noetherian,
p−adically complete, and flat over Zp. An example of an object in Prolp that will
play a key role later is the following.
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Recall that for any prime p we denoted by Wittp the class of all complete discrete
valuation rings whose maximal ideal is generated by p and whose residue field is
perfect; for any R ∈ Wittp we denoted by φ : R → R the unique lifting of the
p−power Frobenius on the residue field and we defined δ : R → R by the formula
δx := (φ(x) − xp)/p, x ∈ R. The sequence R∗ with Rn := R and p−derivations as
above is a prolongation sequence R∗ ∈ Prolp.

For any p−adically complete ring M0 let FSchM0 be the full subcategory of
the category of formal schemes over Spf M0 whose objects are the formal schemes
which are locally p−adic completions of schemes of finite type over M0. Given any
M∗ ∈ Prolp, the theory in [5], [8] provides functors

FSchM0 → FSchMr , X �→ Jr(X, M∗),

where Jr(X, M∗) is the “p−jet space of X of order r” relative to M∗. Let us
briefly recall their construction. First, if T is the set of variables T1, ..., TN , and
T ′, T ′′, ..., T (r), ... are new sets of N variables, one defines operators

φ, δ : M r[T, T ′, ..., T (r)]̂ p → M r+1[T, T ′, ..., T (r+1)]̂ p

by the formulae

φ(f) = fφ(T p + pT ′, (T ′)p + pT ′′, ..., T (r)p + pT (r+1)),

δf =
φ(f) − fp

p
,

where fφ is obtained from f by acting with φ on the coefficients. (N.B. If M0 = Zp,
then this δ is entirely different from the δp defined in Section 2.2; on the other hand
δ can be expressed in terms of δp, δTk

, δT ′
k
, δT ′′

k
, ... as in Remark 2.18.)

Now if X is affine, equal, say, to Spf M0[T ]̂ p/(f) for some tuple f of elements
of M0[T ]̂ p, then one sets

Jr(X, M∗) := Spf M r[T, T ′, ..., T (r)]̂ p/(f, δf, ..., δrf).

The latter affine formal scheme depends “functorially” on X and the construction
X �→ Jr(X, M∗), for affine X , behaves “well” under localization to the effect that
this construction extends to a functor FSchM0 → FSchMr . This functor commutes
(in the obvious sense) with open immersions and products. If r = 0 this functor is
the identity.

A special case of this construction is the following. We let R ∈ Wittp, let
R∗ ∈ Prolp be the associated prolongation sequence, let B be a smooth affine
scheme over R, and let M r := O(Jr(B̂)). Then M∗ has a natural structure of
prolongation sequence in Prolp and, for any smooth scheme X/B, we have natural
identifications

Jr(X̂, M∗) � Jr(X̂, R∗).

Also, if X = XR is an object in FSchR we simply write J∗(XR) instead of
J∗(XR, R∗).

Finally, note that for any morphism R → R′ in Wittp, any XR ∈ FSchR and
any morphism P : Spf R′ → XR over R, there are natural liftings Pr : Spf R′ →
Jr(XR); in affine coordinates, if P is defined by Ti �→ ai, then Pr will be defined
by T

(j)
i �→ δjai.
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4.2. For a quick, but systematic, discussion of the functorial aspects of Section
4.1 above we refer to the first section of [8]. (It is shown there that all constructed
objects represent appropriate functors.) All we need to know here is that if we have
a morphism

X̃ = Spf M0[T̃ ]̂ p/(f̃) → X = Spf M0[T ]̂ p/(f)

sending the tuple T mod (f) into a tuple F̃ mod (f̃), where F̃ is a tuple of elements
in M0[T̃ ]̂ p, then the induced map Jr(X̃) → Jr(X) sends the tuples

T ′, ..., T (r) mod (f)

into the tuples
δF̃ , ..., δrF̃ mod (f̃ , δf̃ , ..., δr f̃).

In particular we have the following specialization principle. Let R → R′ be a
morphism in Wittp and let f : XR → YR be a morphisms in FSchR and P :
Spf R′ → YR be a point; let ZR′ := XR ×YR Spf R′ be the pull back of XR via P ,
let Pr : Spf R′ → Jr(YR) be the natural lifting of P , and let fr : Jr(XR) → Jr(YR)
be the map induced by f . Then Jr(ZR′) is isomorphic to the pull back of Jr(XR)
via Pr.

From now on, until the end of the paper, we shall assume that S is a finite set
of primes containing 2. In Section 6 we shall actually strengthen this condition by
insisting that S also contains 3.

4.3. Let X be any scheme of finite type over ZS , i.e. an object of Sch. We can
consider the family of its p−jet spaces of a given order (Jr(Xˆp)). We put on this
family a Fermat structure, called the full Fermat structure, as follows. First we
let the index set I be in bijection with the set of all affine open subsets of X (as
before, for i ∈ I, we denote by Xi ⊂ X the corresponding open set and we let i ≤ j
iff Xi ⊂ Xj). Then, for each p, we set Jr(Xˆp)(i) := Jr(Xiˆp) (by compatibility
of p−jets with open immersions, the latter is simply the pull-back of Xiˆp via
the projection Jr(Xˆp) → Xˆp). Finally, for each i, we choose an isomorphism
σi : ZS [T ]/(f) � O(Xi) (where T is an N− tuple of indeterminates and f is a tuple
of polynomials), and we put on (O(Jr(Xiˆp))) the Fermat structure defined by the
surjections

P(N(r + 1))̂ p � Zp[T, T ′, ..., T (r)]̂ p → O(Jr(Xiˆp))

induced from Section 4.1. We get in this way an object of FSch. If one changes
the collection of isomorphisms (σi) one obtains a new object of FSch, isomorphic
to the original one.

Note that by Remark 2.18 (here we are using the fact that 2 ∈ S) and by the
Composition axiom, if (fp) ∈ F(N(r + 1)), then (δfp) ∈ F(N(r + 2)) and so we
also have (φfp) ∈ F(N(r + 2)).

If we are given a morphism of ZS−schemes of finite type X → Y , then one
checks immediately, using Section 4.2, that the induced family

(Jr(Xˆp) → Jr(Yˆp))

is a Fermat family, hence it gives a morphism in FSch. Note also that the natural
families of projections (Jr+1(Xˆp) → Jr(Xˆp)) are morphisms in FSch.

Once we fix, for each X in Sch, a collection of isomorphisms (σi) as above one
gets a functor

Sch → FSch, X �→ (Jr(Xˆp))full.
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For r = 0 this is the functor in Section 3.2. The index full indicates that we
are considering the full Fermat structures. On the other hand if X is affine, then
the construction above gives a Fermat structure on O(Jr(Xˆp)), hence an object
(Jr(Xˆp))coarse of FSchcoarse.

We will often consider the following situation. Let X → B be a morphism in
Sch with B affine. Then, on the family (Yp = Xˆp ×Bˆp Jr(Bˆp)) we may consider
the following Fermat structure (called induced from X and denoted by (Yp)ind,X).
The index set I is in bijection with the set of all open affine subsets Xi of X , and
for all i ∈ I we let Y

(i)
p = Xiˆp ×Bˆp Jr(Bˆp) have its ring of functions be equipped

with the product Fermat structure. (Of course, if B = Spec ZS , then Yp = Xˆp.)
More generally, in a similar way, if Z is an affine scheme in Sch one can consider
the Fermat structure (Yp × Zˆp)ind,X induced from X .

Recall from [5] that for any r and any formal scheme XR, smooth over R ∈
Wittp, the projection Jr(XR) → XR is locally, in the Zariski topology, a trivial
bundle with fiber (Anr )̂ p, the completion of the affine space of dimension nr, where
n is the relative dimension of XR/R. (Here a formal scheme over R is called smooth
if it is locally obtained by p−adically completing a smooth scheme over R. More
generally a morphism of formal schemes will be called smooth if it is the p−adic
completion of a smooth morphism of schemes of finite type over R.) Moreover these
bundles for various r’s are compatible with each other in the obvious sense.

The following more precise statement follows from [5], p. 317, and will be needed.
Assume M∗ ∈ Prolp and let U be a smooth scheme over M0. By etale coordinates
on U/M0 we understand here an m−tuple of elements of O(U) such that the induced
map U → Am

M0 is etale. Then the following holds: if U/M0 admits etale coordinates
y, then Jr(Û , M∗) is naturally isomorphic to Û ×Spf M0 Spf M r × Âmr such that
the coordinates on Amr are given by δy, ..., δry.

In what follows we want to show that the above “local trivialisations” can be
made “Fermat”.

Let U → B be a smooth morphism of smooth affine schemes over ZS . We say
that U/B has special etale coordinates if

O(B) = ZS [T1, ..., Tm]/(g),

O(U) = (ZS [T1, ..., Tn+1]/(g, f))(∂f/∂Tn+1)G,

where g is a tuple of polynomials in ZS [T1, ..., Tm], and f, G are polynomials in
ZS [T1, ..., Tn+1]. The images of Tm+1, ..., Tn in the ring above will be called the
special etale coordinates in this representation. (Our special etale coordinates are,
of course, directly related to the special affine varieties of Monski-Washnitzer [21].)

If B is integral and X/B is any smooth scheme over B, then, after replacing B
by a non-empty affine open set of it, X can be covered with affine open sets Xi such
that, for each i, Xi/B has special etale coordinates. (This follows, for instance, by
combining the various results in [4], Chapter 2.)

We will prove the following:

Proposition 4.1. Let U/B have special etale coordinates as above. Let Yp =
Uˆp ×Bˆp Jr(Bˆp). Then we have the following isomorphisms in FSch:

1) (Jr(Uˆp))full � (Yp × (Ar(n−m))̂ p)ind,U over (Yp)ind,U .
2) (Jr(Uˆp))coarse � (Yp × (Ar(n−m))̂ p)coarse over (Yp)coarse.
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To prove the proposition we need some preparation.

Lemma 4.2. Let x0, ..., xd, u, w, v be indeterminates and consider the polynomial

Φ(x, u, v) = x0 + x1u + vx2u
2 + ... + vxdu

d ∈ Z[x, u, v],

where x is the d + 1−tuple x0, ..., xd. Then there exists a power series Ψd :=
Ψ(x, w, v) ∈ Z[x, w][[v]] such that

Φ(x, Ψ(x, x−1
1 , v), v) = 0

in the ring Z[x, x−1
1 ][[v]].

Proof. Standard, in the style of Hensel’s Lemma. �

Lemma 4.3. For any f ∈ Zp[T ], where T is a tuple of variables (Ti), the following
formula holds in the ring Zp[T, T ′, ..., T (r)]:

∂(δrf)

∂T
(r)
i

= φr

(
∂f

∂Ti

)
.

Proof. An easy exercise; or use Lemma 2.3 in [6], p.361, plus induction. �

Proof of Proposition 4.1. Write

O(U) = ZS [T1, ..., Tn+1, Tn+2]/(g, f, 1 − Tn+2G(∂f/∂Tn+1))

(cf. the paragraph before the statement of Proposition 4.1). Let t denote the tuple
T1, ..., Tn. Then, for i ≥ 1, one can check by induction that one can write

δif =
d∑

j=0

aijpT
(i)j
n+1, aijp ∈ Zp[t, t′, ..., t(i), Tn+1, T

′
n+1, ..., T

(i−1)
n+1 ]̂ p,

where d is the degree of f in Tn+1. Since, for each i, (δif) is a Fermat family, it
follows that for each i, (ai0p) is a Fermat family. By Lemma 4.3 we have

ai1p = φi

(
∂f

∂Tn+1

)
|T (i)

n+1=0

.

On the other hand we claim that we have

φi

(
∂f

∂Tn+1

)
=

(
∂f

∂Tn+1

)pi

+ pDip,

where (Dip) is a Fermat family. Indeed, it follows from Remark 2.15 that we can
write an equation as above where Dip is obtained from a Fermat family in F by
substituting the variables by

∂f

∂Tn+1
, δ

(
∂f

∂Tn+1

)
, ..., δi

(
∂f

∂Tn+1

)
;

this proves our claim. Setting T
(i)
n+1 = 0 in the last equation and using the Compo-

sition axiom we get that

ai1p =
(

∂f

∂Tn+1

)pi

+ pdip

with (dip) a Fermat family. On the other hand one sees by induction on i that for
all i ≥ 1 and all j ≥ 2 we have that aijp = pbijp with (bijp) a Fermat family.
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The same arguments as above applied to 1−Tn+2(df/dTn+1)G in place of f and
Tn+2 in place of Tn+1 show that

δi(1 − Tn+2(∂f/∂Tn+1)G) = αip + [(∂f/∂Tn+1)pi

Gpi

+ pβip]T
(i)
n+2,

where αip, βip do not depend on T
(i)
n+2 and form Fermat families.

Let T denote the tuple T1, ..., Tn+1 and T̃ denote the tuple T1, ..., Tn+2. We shall
define a Fermat family of isomorphisms between the family of rings

(∗)G Zp[T̃ , ..., T̃ (r)]̂ p/(δig, δif, δi(1 − Tn+2(∂f/∂Tn+1)G)

and the family of rings

(∗∗)G Zp[T̃ , t′, ..., t(r) ]̂ p/(δig, f, 1 − Tn+2(∂f/∂Tn+1)G),

where i above runs through 0, ..., r. This will, of course, close the proof of statement
2) in the proposition.

There is an obvious Fermat family of morphisms (∗∗)G → (∗)G given by T̃ �→ T̃ ,
t(i) �→ t(i) and it is easy to see that these are ring isomorphisms. What is not clear
a priori is that the inverse morphisms (∗)G → (∗∗)G form a Fermat family. We
shall explicitly provide a Fermat inverse. Let Ψ be the series in Lemma 4.2. Then
we define morphisms from (∗)G → (∗∗)G by sending T̃ �→ T̃ , Tn+2 �→ Tn+2 and, for
i ≥ 1:

T
(i)
n+2 �→ −αip

∞∑
j=0

(−1)jpjβj
ipT

pi(j+1)
n+2 ,

T
(i)
n+1 �→ Ψ(ai0p, ai1p, bi2p, ..., bidp, ηip, p),

where

ηip :=
∞∑

j=0

(−1)jpjdj
ipG

pi(j+1)T
pi(j+1)
n+2 .

(Of course these formulae are obtained by “solving the equations δif = 0 and
δi(1 − Tn+2(∂f/∂Tn+1)G) = 0” for the variables T

(i)
n+1 and T

(i)
n+2, respectively.)

Obviously the homomorphisms we defined form Fermat families, and our proof of
assertion 2) in Proposition 4.1 is concluded.

To check assertion 1) in Proposition 4.1 we need to prove that the induced family
of morphisms (Jr(Uˆp) → (Yp × (Ar(n−m))̂ p) as well as their inverses are Fermat
families, when one considers the full Fermat structures. It is enough to check
that for any H ∈ ZS [T̃ ] we have an isomorphism between the corresponding rings
(∗)GH and (∗∗)GH compatible with (∗)G � (∗∗)G. Since G in our discussion was
completely arbitrary we could replace G by GH everywhere and get the desired
isomorphism. Compatibility with (∗)G � (∗∗)G is also clear. This closes the proof
of Proposition 4.1.

4.4. As the proof of Proposition 4.1 shows, if τ = (Tm+1, ..., Tn) give special etale
coordinates on U in some representation, then the isomorphism (∗)G in Proposition
4.1 can be arranged to send τ ′, ..., τ (r) into the coordinate functions on (Ar(n−m))̂ p.
There is, of course, only one family of isomorphisms as in Proposition 4.1 satisfying
this additional property; we call this unique family the canonical trivialisation of
(Jr(Uˆp)) attached to the special etale coordinates on U . On the other hand the
isomorphisms in Proposition 4.1 constructed for various r’s will be compatible with
each other in the obvious sense.
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The statement of Proposition 4.1 immediately suggests the following general
questions. First: does an isomorphism in FSch between objects with full Fer-
mat structures imply (under certain conditions) an isomorphism for coarse Fermat
structures? Second: is the converse (sometimes) true? Proposition 3.2 should be
viewed as dealing, in a quite special case, with the first question, for Proposition
3.2 is really about Fermat families of morphisms to ((A1 )̂ p). As to the second
question one can also prove results in special cases which will play a role later; this
will be explained in what follows.

Let U = Spec A be an affine scheme of finite type over ZS and assume we are
given a morphism (πp) : (Xp) → (Uˆp) in FSch where all Xp are affine and (Uˆp)
is viewed with its full Fermat structure. We say that (Xp) is affine over (Uˆp) if
the index set for (Xp) coincides as an ordered set with the index set I for (Uˆp)
(i.e. with the set of affine open sets of U), and for any affine open set Ui ⊂ U we
have X

(i)
p = π−1

p (Uiˆp). Note that if this is the case, then (O(Xp)) comes with a
Fermat structure, so we can also equip (Xp) with a coarse Fermat structure to get
an object (Xp)coarse in FSchcoarse.

Now assume (Xp) is affine over (Uˆp). Then for any principal open set Ui =
Spec Af of U we have a natural isomorphism

(∗) O(X(i)
p ) = O(π−1

p (Uiˆp)) → (O(Xp)f )̂ p.

Now (O(X(i)
p )) comes with a Fermat structure (by the definition of a Fermat struc-

ture on (Xp)). On the other hand ((O(Xp)f )̂ p) has a Fermat structure naturally
induced from the Fermat structure

(∗∗) P(n)̂ p → O(Xp)

by considering the lifting of (∗∗) to surjections

(∗ ∗ ∗) P(n + 1)̂ p → (O(Xp)f )̂ p, xn+1 �→ 1/f.

We will say that (Xp) is principal over (Uˆp) if (it is affine over (Uˆp) and) the
family of isomorphisms (∗) as well as the family of their inverses are Fermat (with
respect to the two Fermat structures described above).

Note that if X → U is an affine morphism in Sch, then (Xˆp)ind (where ind
means “Fermat structure induced from U”) is principal over (Uˆp).

Proposition 4.4. Assume U → V is a morphism in Sch. Assume (Xp) and (Yp)
are principal over (Uˆp) and (V ˆp), respectively, and assume we have a morphism

(Xp)coarse → (Yp)coarse

in FSchcoarse, compatible with U → V . Then we have induced morphisms

(X(i)
p )coarse → (Y (j)

p )coarse

in FSchcoarse for all principal open subsets Ui ⊂ U , Vj ⊂ V such that Ui is mapped
into Vj . Consequently we have an induced morphism in FSch

(Xp) → (Yp).

Proof. A trivial exercise. �

Proposition 4.5. 1) Let U be an affine scheme of finite type over ZS. Then
(Jr(Uˆp)) is principal over (Uˆp).
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2) Let U → B be a morphism of affine schemes in Sch. Then

(Uˆp ×Bˆp Jr(Bˆp))ind,U

is principal over (Uˆp).

Proof. Assertion 2) is trivial. To prove assertion 1 write U = Spec ZS [T ]/(f),
where T = {T1, ..., TN} is an N−tuple of variables and f is a tuple of polynomials.
Let Ui be the principal open set of U defined by some G ∈ ZS [T ], hence

O(Ui) = ZS [T, TN+1]/(f, TN+1G − 1).

We must prove that there is a Fermat family of isomorphisms (σp) from

Zp[T, ..., T (r), TN+1, ..., T
(r)
N+1]̂

p/(δif, δi(TN+1G − 1); 0 ≤ i ≤ r)

to
Zp[T, ..., T (r), TN+1]̂ p/(δif, TN+1G − 1; 0 ≤ i ≤ r)

with respect to the Fermat structures obtained by mapping the numerators of the
rings above into those rings such that the family (σ−1

p ) is also Fermat. This can
be done by looking back at the proof of Proposition 4.1 were the necessary Fermat
families of series were actually already constructed. �

By the last two propositions we get:

Corollary 4.6. Let U → B be a morphism of affine schemes in Sch and assume
one has a section

(Uˆp ×Bˆp Jr(Bˆp))coarse → (Jr(Uˆp))coarse

in FSchcoarse of the natural projection. Then there is an induced morphism

(Uˆp ×Bˆp Jr(Bˆp))ind,U → (Jr(Uˆp))full

in FSch and also morphisms

(Uiˆp ×Bˆp Jr(Bˆp))coarse → (Jr(Uiˆp))coarse

in FSchcoarse for all affine principal open sets Ui ⊂ U .

4.5. Here is a consequence of Corollary 4.6. Let U → B be as in Corollary 4.6 and
let

(αp), (βp) : (Uˆp ×Bˆp Jr(Bˆp))coarse → (Jr(Uˆp))coarse

be sections in FSch “over B”. Then, by the discussion in Section 3.1 about tensor
products, there is an induced morphism

(αp × βp) : (Uˆp ×Bˆp Uˆp ×Bˆp Jr(Bˆp))coarse → (Jr(Uˆp)×Jr(Bˆp) Jr(Uˆp))coarse.

Since Jr(Uˆp) ×Jr(Bˆp) Jr(Uˆp) = Jr((U ×B U )̂ p), it follows from Corollary 4.6
that we get an induced morphism

((U ×B U )̂ p ×Bˆp Jr(Bˆp))ind,U×BU → (Jr((U ×B U )̂ p))full.

We will need the following variant of Proposition 4.1:

Proposition 4.7. Let M be a finitely generated ZS−algebra and

B = Spec M, U = Spec M [x, y]/(f),

where f is a polynomial in two variables, of degree d, such that(
f,

∂f

∂x
,
∂f

∂y

)
= (1).
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Then, for any r, there is a section in FSch

(Uˆp ×Bˆp Jr(Bˆp))coarse → (Jr(Uˆp))coarse

of the natural projection.

Note that, unlike in Proposition 4.1, we do not assume there are special etale
coordinates on U . The existence, for each p, of a section was noted by Hurlburt [15];
what Proposition 4.7 says is that one can choose these sections to form “Fermat
families”. We need the following:

Lemma 4.8. Let x0, x1, x2, xij , u1, u2, s1, s2, w, v be indeterminates (where 2 ≤
i + j ≤ d, i, j ≥ 0) and consider the polynomial

Φ(x, u, v) = x0 + x1u1 + x2u2 + v ·
d∑

i+j=0

xiju
i
1u

j
2 ∈ Z[x, u, v]

(where x is the tuple (x0, x1, x2, xij) and u = (u1, u2)). Then there exists a pair
Ψ = (Ψ1d, Ψ2d) of series

Ψid = Ψid(x, s1, s2, w, v) ∈ Z[x, s1, s2, w][[v]], i = 1, 2,

such that
Φ(x, Ψ(x, s1, s2, (s1x1 + s2x2)−1, v), v) = 0

in the ring Z[x, s1, s2, (s1x1 + s2x2)−1][[v]].

Proof. Standard, in the style of Hensel’s lemma. �

Proof of Proposition 4.7. Let M = ZS [t]/(g), where t is a tuple of variables and g
is a tuple of polynomials. If d is the degree of f , then, as in the proof of Proposition
4.1, one can write, for all k ≤ r,

δkf = a0kp + a1kpx
(k) + a2kpy

(k) + p

d∑
i+j=2

αijkp(x(k))i(y(k))j

with a0kp, a1kp, a2kp, αijkp ∈ Zp[t, x, y, ..., t(k−1), x(k−1), y(k−1), t(k) ]̂ p forming, as p
varies, Fermat families. As in Proposition 4.1 one finds that

a1kp =
(

∂f

∂x

)pk

+ pd1kp,

a2kp =
(

∂f

∂y

)pk

+ pd2kp,

where (d1kp) and (d2kp) are Fermat families. Write

h1
∂f

∂x
+ h2

∂f

∂y
+ hf = 1

with h1, h2, h ∈ ZS [t, x, y]. By Remark 2.17 there exist Fermat families (A1kp) and
(A2kp) of polynomials in x1, x2 with Z−coefficients such that

(x1 + x2)2pk

= A1kpxpk

1 + A2kpxpk

2 .

We then have

(1 − hf)2pk

= H1kp

(
∂f

∂x

)pk

+ H2kp

(
∂f

∂y

)pk

,
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where

Hikp = Aikp(h1
∂f

∂x
, h2

∂f

∂y
)hpk

i , i = 1, 2,

are obviously Fermat families. Denote by akp the tuple

(a0kp, a1kp, a2kp, αijkp).

Let Ψi be the series defined in Lemma 4.8. Then we may consider the Fermat
family of ring homomorphisms

Zp[t, x, y, ..., t(r), x(r), y(r)]̂ p/(g, δg, ..., δrg, f, δf, ..., δrf)

→ Zp[t, x, y, t′, ..., t(r)]̂ p/(g, δg, ..., δrg, f)

defined by t(i) �→ t(i), x �→ x, y �→ y and

x(k) �→ Ψ1d(akp, H1kp, H2kp, θkp, p),

y(k) �→ Ψ2d(akp, H1kp, H2kp, θkp, p),

where

θkp :=
∞∑

n=0

(−1)npn(H1kpd1kp + H2kpd2kp)n,

and we are done.

5. Fermat families arising from formal groups

5.1. Let B = Spec M , where M is either a smooth ZS−algebra, where S is a
finite set of primes, or M is any Noetherian, flat Zp−algebra. In the first situation
we say we are in the global case whereas in the second situation we say we are
in the local case. We will later need to consider both cases. Let z be a g−tuple
of variables and consider g−tuples of variables z′, z′′, ..., z(r), .... In the global case
set M r

p = O(Jr(Bˆp)) (where p varies outside S); so, for each p, M∗
p ∈ Prolp. In

the local case assume we are given a prolongation sequence M∗
p ∈ Prolp such that

M0
p = M̂ . There are unique ring homomorphisms

M0
p [[z]]

φ→ M1
p [[z, z′]]

φ→ M2
p [[z, z′, z′′]]

φ→ ...

such that φ(t) = tp + pδt for t ∈ M r
p and such that φ(z(r)) = (z(r))p + pz(r+1). As

a notational rule, if f ∈ M r
p [[z, z′, ..., z(r)]], then fφi

will mean the series obtained
from f by “acting its coefficients with φi”. Now define maps

M0
p [[z]] δ→ M1

p [[z, z′]] δ→ M2
p [[z, z′, z′′]] δ→ ...

by the formula δ(f) := (φ(f) − fp)/p. Note that φ and δ commute.
Here is one more useful notation: if F, g0, ..., gr ∈ (M r

p [[z, z′, ..., z(r)]])g are
g−tuples of series and either F ∈ (M r

p [z, ..., z(r)]̂ p)g or all gi ∈ (z, ..., z(r))g, then
we denote by [F ]◦[g0, ..., gr] ∈ (M r

p [[z, z′, ..., z(r)]])g the result obtained by replacing
z, z′, ..., z(r) in F by g0, ..., gr; in other words [F ] ◦ [g0, ..., gr] := F (g0, ..., gr). With
this convention it is trivial to check, by induction, that for any G ∈ M [[z]]g we have

(∗) [φr(z)] ◦ [G, δG, ..., δrG] = φr(G).
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Also, by induction, one sees that the components of the vector φr(z)−zpr−p(z′)pr−1

belong to the ideal (pz, p2); consequently we have

[φr(z)] ◦ [0, z′, ..., z(r)] ≡ 0 mod (p),(∗∗)
1
p
[φr(z)] ◦ [0, z′, ..., z(r)] ≡ (z′)pr−1

mod (p).

Next we claim that if F ∈ M [[z]]g, F (0) = 0, then

(∗ ∗ ∗) [δrF ] ◦ [0, z′, ..., z(r)] ∈ (M r
p [z′, ..., z(r)]̂ p)g

i.e. the components of the above vector are restricted power series (rather than
merely formal power series). Indeed (as one can check by induction) the i−th
component of prδrF belongs to the ring generated by the i−th components of
F, φ(F ), ..., φr(F ) so it is enough to check that the components of

[φr(F )] ◦ [0, z′, ..., z(r)]

are restricted power series. But

[φr(F )] ◦ [0, z′, ..., z(r)] = [Fφr

] ◦ [φr(z)] ◦ [0, z′, ..., z(r)]

and we are done by (∗∗) above.
We will also need the following formula, valid for any invertible element λ ∈ M×:

[φr(z)] ◦ [0, z′, ..., z(r)] ◦ [δ(λ−1z), ..., δr(λ−1z)] ◦ [0, z′, ..., z(r)](∗ ∗ ∗ ∗)
= [φr(λ−1)φr(z)] ◦ [0, z′, ..., z(r)].

Indeed, the left-hand side of the above equation equals

[φr(z)] ◦ [0, δ(λ−1z), ..., δr(λ−1z)] ◦ [0, z′, ..., z(r)]

= [φr(z)] ◦ [λ−1z, δ(λ−1z), ..., δr(λ−1z)] ◦ [0, z′, ..., z(r)].

By (∗) above the latter equals

[φr(λ−1z)] ◦ [0, z′, ..., z(r)] = φr(λ−1)[φr(z)] ◦ [0, z′, ..., z(r)].

5.2. Let Φ(z1, z2) ∈ (M [[z1, z2]])g be a commutative formal group in g variables
(so here z1, z2 are g−tuples of variables) and consider the associated logarithm

l(z) =
∑
|n|≥1

anzn,

where n are g−tuples of non-negative integers with sum |n|, and an ∈ (M ⊗ Q)g

are viewed as column vectors. We then have

Φ(z1, z2) = e(l(z1) + l(z2)),

where e(z) ∈ ((Q ⊗ M)[[z]])g is the exponential, i.e. the compositional inverse
of l(z). Then the (r + 1)g−tuple of formal series (Φ, δΦ, ..., δrΦ) in the variables
z = (z1, z2), z′ = (z′1, z

′
2),..., z(r) = (z(r)

1 , z
(r)
2 ) is a (commutative) formal group law

in (r + 1)g variables. Let us set z = 0 in this tuple, in other words consider the
rg−tuple

([δΦ] ◦ [0, z′, ..., z(r)], ..., [δrΦ] ◦ [0, z′, ..., z(r)]).
By (∗ ∗ ∗) in Section 5.1 the components of the latter tuple are restricted power
series (rather than mere formal power series) i.e. belong to M r

p [z′, ..., z(r) ]̂ p. In
particular this rg−tuple makes the completed affine space (Arg )̂ p into a group
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object in the category FSchMr
p
. Denote by [+] the addition on this completed

affine space.
Now define, for each p, and each r ≥ 1, the following g−tuple of series

Lr
p = Lr

p(z
′, ..., z(r)) :=

1
p
[lφ

r

] ◦ [φr(z)] ◦ [0, z′, ..., z(r)].

(Division by p in unambiguous because M r
p is flat over Zp.) By (∗∗) in Section 5.1

the components of this tuple belong to M r
p [z′, ..., z(r)]̂ p.

Proposition 5.1. In the global case (Lr
p) are Fermat. Also, in both the global and

the local case, Lr
p ≡ (z′)pr−1

mod (p), in particular Lr
p ≡ (L1

p)pr−1
mod (p).

Here a family of vectors is called Fermat if, for each index i, the family of the
i−th components is Fermat.

Proof. Since

1
p
[φr(z)] ◦ [0, z′, ..., z(r)] =

[
φr(z) − zpr

p

]
◦ [0, z′, ..., z(r)]

and since, by Remark 2.18 plus the Composition axiom, the right-hand side of the
above equality is, in the global case, Fermat, it follows that so is the left-hand side.
Call this left-hand side Gr

p. Then we have

Lr
p =

∑
|n|≥1

φr(an)p|n|−1(Gr
p)

n.

By [14], p. 64, (11.1.3) and (11.1.4), we can write

an =
∑
t≥1

∑
p1...pt||n|

Ap1,...,pt

p1...pt
,

where Ap1,...,pt ∈ Mg and p1, ..., pt run through the set of all (not necessarily dis-
tinct) primes such that the product p1...pt divides |n|. Let vp be the valuation at
p �= 2 on the rationals. We have

µp(n, p1, ..., pr) := vp

(
p|n|−1

p1...pt

)
≥ |n| − 1 − t′,

where t′ = t − 1 if at least one of the pi’s equals 2 and t′ = t if no pi equals
2. In the first case t ≤ log |n|

log 2 and in the second case t ≤ log |n|
log 3 . So in both

cases |n| − 1 − t′ is ≥ 0, and it is ≥ 1 for |n| ≥ 2. Moreover, in both cases
|n| − 1− t′ ≥ |n| − 1− log |n|

log 2 → ∞ as |n| → ∞ so, by Remark 2.11 and the p−adic
closure axiom, (Lr

p) is Fermat. Also note that, since lφ
r

(z) ≡ z mod (z)2, we get
that Lr

p ≡ (z′)pr−1
mod (p). �

Proposition 5.2. In both the global and the local case, the g−tuple Lr
p defines a

group homomorphism

((Arg )̂ p, [+]) → (((A)̂ p)g, +);

in other words, the following formula holds:

Lr
p((z

′
1, ..., z

(r)
1 )[+](z′2, ..., z

(r)
2 )) = Lr

p(z
′
1, ..., z

(r)
1 ) + Lr

p(z
′
2, ..., z

(r)
2 ).
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Proof.

Lr
p((z

′
1, ..., z

(r)
1 ) ⊕ (z′2, ..., z

(r)
2 ))

= Lr
p([δΦ] ◦ [0, z′, ..., z(r)], ..., [δrΦ] ◦ [0, z′, ..., z(r)])

=
1
p
[lφ

r

] ◦ [φr(z)] ◦ [0, [δΦ] ◦ [0, z′, ..., z(r)], ..., [δrΦ] ◦ [0, z′, ..., z(r)]]

=
1
p
[lφ

r

] ◦ [φr(z)] ◦ [Φ, δΦ, ..., δrΦ] ◦ [0, z′, ..., z(r)]

=
1
p
[lφ

r

] ◦ [φr(Φ)] ◦ [0, z′, ..., z(r)]

=
1
p
[lφ

r

] ◦ [Φφr

] ◦ [φr(z)] ◦ [0, z′, ..., z(r)]

=
1
p
[z1 + z2] ◦ [lφ

r

] ◦ [φr(z)] ◦ [0, z′, ..., z(r)]

= Lr
p(z

′
1, ..., z

(r)
1 ) + Lr

p(z
′
2, ..., z

(r)
2 ).

�
5.3. Here is one more remark that will be useful later. Assume we are in the global
case. Let Φ, l, and e be a commutative formal group law over M in g variables,
its logarithm, and its exponential, respectively. We claim that, for each p �∈ S,
p−1e(pz) belongs to (M [z ]̂ p)g and that

(p−1e(pz)) ∈
∏
p�∈S

(M [z ]̂ p)g

are Fermat with respect to the standard Fermat structure. Indeed, by the proof of
Proposition 5.1, we can write

p−1l(pz) = z + php(z),

where
(hp(z)) ∈

∏
p�∈S

(M [z ]̂ p)g

are Fermat. Now (p−1e(pz)) is the p−adic limit of the sequence

(e(ν)
p (z)) ∈

∏
p�∈S

(M [z ]̂ p)g

defined inductively by e
(0)
p (z) := z and

e(ν+1)
p (z) := z − hp(e(ν)

p (z))

which immediately implies our claim.

6. Differential characters and differential modular forms

The plan of this section is the following. We will first review some of the results
in [5], [7] on differential characters, and results in [8], [1], [2] on (Siegel) differential
modular forms. Next we will give two constructions, a crystalline one and a p−jet
theoretical one of Siegel differential modular forms which we call fn

cris,p and fn
jet,p,

respectively. Due to a “multiplicity one theorem” in [2] which we shall recall here
these forms are “proportional”. On the other hand it turns out (easy) that fn

cris,p

for n = 1, 2 contain all relevant information as to the crystalline cohomology of our
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Abelian schemes while (and this is harder to see) fn
jet,p form Fermat families. The

above facts can then be easily combined to conclude the proof of the conjecture for
curves and Abelian varieties. Note that we will defer to Section 7 the verification of
the fact that the construction we give here for fn

jet,p indeed leads to a Siegel differ-
ential modular form with the desired properties for each fixed p. The verification
that fn

jet,p, as p varies, form a Fermat family will be deferred to Section 8.

6.1. δ-characters ([5], [7]). Start with a prime integer p �= 2, 3 and let R ∈
Wittp have an algebraically closed field. Recall that there is a canonical operator
δ : R → R defined by the formula δx := (φ(x)−xp)/p, x ∈ R, and call δx, δ2x, ... the
p−derivatives of order 1, 2, ... of x. Let GR be a smooth commutative group scheme
over R. In [5] we introduced the notion of δ−character of GR of order ≤ r; by defi-
nition this means a group homomorphism ψ : GR(R) → R that can be represented,
on each of the sets of an affine open Zariski cover, as a p−adic limit of polynomials
with R−coefficients in the affine coordinates and their p−derivatives up to order r.
Any such δ−character is induced by a unique homomorphism Jr(GRˆp) → Ga,Rˆp

in FSchR, where Ga,Rˆp := Spf R[x]̂ p is the p−adic completion of the additive
group over R. By abuse we also write ψ : GR → Ga.

Let us assume now GR = ER is an elliptic curve (i.e. an Abelian scheme of
relative dimension one) over R.

By [5], Proposition (3.2), there exists a non-zero δ−character ψ : ER → Ga of
order ≤ 2; moreover there exists a δ−character of order 1 if and only if the p−th
power Frobenius of the closed fiber Ek lifts to a φ−linear endomorphism of ER.
Assume ψ above has minimum possible order. Then by [5], (2.10), ψ is uniquely
determined up to multiplication by an element in the quotient field of R. Let ω be
a generator of the R−module of invariant 1−forms on ER. Then by [5], (2.9), we
have the following local expression for ψ around the origin:

(6.1) ψ(P ) = Λψ(p−1 · logωP ), P ∈ ER(pR),

for a unique Λψ = λ2φ
2 + λ1φ + λ0 ∈ R[φ], where ER(pR) is the kernel of the

reduction map ER(R) → Ek(k) and logω : ER(pR) → pR is the formal logarithm
map associated to ω. In [5] Λψ was called the Picard-Fuchs operator associated to
ψ. Actually by [5], (3.2), (3.3), (4.5), one can choose ψ such that either λ2 = 1, or
λ2 = 0 and λ1 = 1. If this holds, then we shall say ψ is normalized with respect to
ω. Such a normalized ψ is uniquely determined by the pair (ER, ω).

More generally, if GR = ER is an Abelian scheme of relative dimension g ≥ 1
over R, ψ is a g−tuple of δ−characters ER → Ga of order ≤ 2 and ω is an R−basis
for the module of 1−forms on ER, then, by the theory in [5], the formula (6.1)
holds again for a unique operator

Λψ = λ0φ
2 + λ1φ + λ0, λ0, λ1, λ2 ∈ glg(R).

(Here, for any ring A we denote by glg(A) the set of all g × g matrices with co-
efficients in A.) The operator Λψ will be called, again, the Picard-Fuchs operator
associated to ψ.

Going back to the one-dimensional case define the following set:

M(R) = {(a, b) ∈ R2; ∆(a, b) ∈ R×},

where ∆(a, b) := 4a3 + 27b2.
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Assume ER = Ea,b is an elliptic curve in Weierstrass form y2 = x3 + ax + b
with (a, b) ∈ M(R). Then we set Λa,b := Λψ, where ψ is the unique normalized
δ−character associated to the pair (E, dx/y).

The following was proved in [7], Theorem (1.10), and will be used later:

Theorem 6.1 ([7]). Assume a, b ∈ Zp and let EZp be the elliptic curve over Zp

corresponding to (a, b). Assume the p−power Frobenius on EZp ⊗ Fp does not lift
to an endomorphism of EZp . Then Λa,b = φ2 − τpφ+ p, where τp is the trace of the
p−power Frobenius on EZp ⊗ Fp.

We need the following complement to the above theorem.

Theorem 6.2. Assume R ∈ Wittp has finite residue field k of size pd and let
(a, b) ∈ M(R) be such that the elliptic curve ER corresponding to (a, b) has or-
dinary reduction. Assume the p−power Frobenius on Ek := ER ⊗ k lifts to an
endomorphism of ER. Then Λa,b = φ − pu, u ∈ R, and the characteristic poly-
nomial of the pd power Frobenius acting on Ek coincides with the characteristic
polynomial of the matrix φd−1γ · · · φγ · γ, where

γ =
[

1/u 0
0 pu

]
.

Proof. The case d = 1 was proved in [7]. The general case can be proved in a
similar way. Indeed, if l(z) ∈ R[1/p][[z]] is the logarithm of the formal group of ER,
then, exactly as in [7], we get

lφ(zp) − pu · l(z) ∈ pR[[z]].

By induction one gets, for all i,

lφ
i

(zpi

) − piφi−1u · · · φu · u · l(z) ∈ pR[[z]].

In particular, for i = d we have lφ
d

(z) = l(z) and v := φd−1u · · · φu · u ∈ Zp.
As in [7] we obtain that the pd power Frobenius of the formal group of ER is just
the multiplication [pdv] on the Formal group. But on the other hand the pd power
Frobenius on the formal group must be a root of x2 − τx + pd, where τ is the trace
of the pd power Frobenius on Ek. In particular pdv and v−1 are the roots of the
above quadratic polynomial and the conclusion follows. �

6.2. Siegel δ-modular forms ([2]). For any Noetherian ring S we let Mg(S)
denote the set of all triples (E, θ, ω), where E/S is an Abelian scheme of relative
dimension g, θ : E → Ě is a principal polarization, and ω = (ω1, ..., ωg)t is a column
vector whose entries are a basis of the S−module of 1−forms H0(E, Ω1

E/S); so the
latter is supposed, by our very definition, to be free. (Also M1(R) coincides with
the set M(R) defined previously.)

By a Siegel δ−modular function of genus g, size m, and order ≤ n we understand
a rule, call it f , that associates to any prolongation sequence S∗ ∈ Prolp and to
any triple (E, θ, ω) ∈ Mg(S0) an m × m matrix

f(E, θ, ω, S∗) ∈ glm(Sn)

satisfying the following properties:

6.2.1. f(E, θ, ω, S∗) depends on S∗ and the isomorphism class of (E, θ, ω) only.
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6.2.2. The formation of f(E, θ, ω, S∗) is functorial in S∗ in the sense that if π :
S∗ → S̃∗ is a morphism of prolongation sequences in Prolp and π∗ denotes “pull
back via π”, then

f(π∗E, π∗θ, π∗ω, S̃∗) = π(f(E, θ, ω, S∗)).

Sometimes, when no confusion arises, we will write f(E, θ, ω) in place of
f(E, θ, ω, S∗).

Let G and G′ be group schemes over Zp. By a δ−homomorphism χ : G → G′ of
order ≤ n we mean a rule that associates to any prolongation sequence S∗ ∈ Prolp
a group homomorphism

χ : G(S0) → G′(Sn)
which is “functorial in S∗” in the obvious sense. By a Siegel δ−weight of genus g,
size m, and order ≤ n we mean a pair (χl, χr) of δ−homomorphisms of order ≤ n:

χl, χr : GLg → GLm,

each of them commuting with transposition of matrices γ �→ γt. (The indices l and
r stand here for “left” and “right”.) Examples of Siegel δ−weights of size g that
will play a role later are pairs (φa, φb), where

φa : GLg(S0) → GLg(Sa)

are induced by the iterates a times of the ring homomorphisms φ : Si → Si+1,
φ(x) = xp + pδx. A Siegel δ−modular function f as above will be called a Siegel
δ−modular form of Siegel δ−weight (χl, χr) if the following condition is satisfied:

6.2.3. The formation of f(E, θ, ω, S∗) has the following covariance with respect to
ω; if (E, θ, ω) ∈ Mg(S0) and λ ∈ GLg(S0), then

f(E, θ, λω, S∗) = χl(λ) · f(E, θ, ω, S∗) · χr(λt).

To introduce our next concept we need more notation. Let

(E1, θ1, ω1), (E2, θ2, ω2) ∈ Mg(S)

and let u : E1 → E2 be an isogeny (which is not assumed to be compatible with
the forms or the polarizations). We let

ut := θ−1
1 ◦ ǔ ◦ θ2 : E2 → Ě2 → Ě1 → E1

denote its transpose and we let [u] be the unique g × g matrix with S−coefficients
such that u∗ω2 = [u]·ω1. (Recall that utt = u. Also recall that [ut] �= [u]t in general.
Moreover, it is easy to check that deg(u)2 = det([u ◦ ut])2 = det([u])2 · det([ut])2.
Hence, if S is a Zp−algebra, then deg(u) is prime to p if and only if u and ǔ are
etale; in this case, [u], [ut] ∈ GLg(S).)

A Siegel δ−modular form of weight (χl, χr) will be called isogeny covariant if
the following condition holds:

6.2.4. For any prolongation sequence S∗ ∈ Prolp, any (E1, θ1, ω1), (E2, θ2, ω2) ∈
Mg(S0), and any isogeny u : E1 → E2, of degree prime to p, such that [u] is the
identity (i.e. such that u∗ω2 = ω1), the following equality holds:

f(E1, θ1, ω1, S
∗) = f(E2, θ2, ω2, S

∗) · χr([ut]t).

We denote by In
g (χl, χr) the space of all isogeny covariant Siegel δ−modular

forms of Siegel δ−weight (χl, χr). Our definition of Siegel δ−modular forms here
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agrees with the one for g = 1 given in [8], [2]. Note that a Siegel δ−modular
form of genus g = 1, size m = 1, order ≤ r and Siegel δ−weight (χl, χr) in the
sense of the present paper is the same as a δ−modular form of weight χ−1

l χ−1
r :

λ �→ χl(λ)−1χr(λ)−1 in the sense of [8]. (Note the exponent −1!) However the
definition of isogeny covariance in the present paper is slightly different from that
given in [8]: instead of asking, as here, that the isogenies under consideration have
order prime to p, we only asked in [8] that these isogenies be etale. Nevertheless
all results stated in [8] continue to hold true, with identical proofs, if the definition
of isogeny covariance given there is replaced by the definition given here.

We will need the following result proved in [2]:

Theorem 6.3 ([2]). The Zp−module In
g (φr , φs) has rank one if n ≥ r, n ≥ s,

r �= s, and has rank zero in all other cases.

It is also useful to keep in mind that, in case g = 1, a (Siegel) δ−modular function
(of size one) is simply an element f of the ring

Zp[a4, a6, a
′
4, a

′
6, ..., a

(r)
4 , a

(r)
6 , ∆−1 ]̂ p,

where a4, a6, a
′
4, a

′
6, ..., a

(r)
4 , a

(r)
6 are variables and ∆ = 4a3

4 +27a2
6; for (a, b) ∈ M(R)

we shall use the notation

f〈a, b〉 = f(a, b, δa, δb, ..., δra, δrb, ∆−1).

Let us end the discussion here by introducing more notations that will be needed
later. Assume we are given M∗ ∈ Prolp and (E, θ, ω) ∈ Mg(B), where B =
Spec M0. Then we let B̄ = B⊗(R/pR), M̄0 = O(B̄), M̄ r = M r/pM r, Ē = E⊗BB̄,
and for a Siegel δ−modular form f of size g we let f̄(E, θ, ω, M∗) ∈ glg(M̄ r) be the
image of f(E, θ, ω, M∗). Now, the polarization θ : E → Ě induces an isomorphism
θ∗ : H0(E, TE/B) → H1(E,O) at the level of Lie algebras, so if v is the basis of
H0(E, TE/B) dual to ω (we view v as a column vector), then u = θ∗v is a basis
of H1(E,O). We get an induced basis ū of H1(Ē,O). Then we can consider the
Hasse-Witt matrix H̄ ∈ glg(M̄0) of Ē/B̄ corresponding to the basis ū; by definition
this is the matrix, with respect to ū, of the semilinear map induced by the p−power
Frobenius

F ∗ : H1(Ē,O) → H1(Ē,O);

i.e. F ∗ū = H̄ · ū. Note that H̄ = H̄(Ē, θ̄, ω̄) is naturally associated to the reduction
mod p of (E, θ, ω).

6.3. Crystalline construction. Let us recall from [2] how, for each p, one can
construct, using crystalline cohomology, a sequence of non-zero Siegel δ−modular
forms fn

crys,p ∈ In
g (φn, φ0), n ≥ 1. The construction is done for any g and will be

compatible, in the obvious sense, with products of principally polarized schemes.
Let S∗ ∈ Prolp, (A, θ, ω) ∈ Mg(S0), and let H := H1

DR(E/S0) be the first
DeRham module of E/S0. Crystalline theory provides φ−linear maps:

Φ : H ⊗ Si → H ⊗ Si+1

(tensor products being taken over S0). We also have a canonical exact sequence

0 → H0(E, Ω1
E/S0)

α→ H1
DR(E/S0)

β→ H1(E,O) → 0
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inducing analogue exact sequences over any Si; we shall still denote by α, β the
corresponding morphisms; we shall view all morphisms α as inclusions. We have

ΦH0(E, Ω1
E/S0) ⊂ p · H ⊗ S1.

We may consider the elements

p−1Φnωi ∈ H ⊗ Sn,

and their projections
βp−1Φnωi ∈ H1(E,O) ⊗ Sn.

The principal polarization θ : E → Ě induces an S0−linear isomorphism at the
level of Lie algebras

θ∗ : H0(E, TE/S0) → H1(E,O).

We shall still denote by θ∗ the tensor product θ∗ ⊗ Sn. Then we can consider the
inverse image

θ−1
∗ βp−1Φnωi ∈ H0(E, TE/S0) ⊗ Sn

and pair it with ωj (under the natural pairing between the tangent sheaf T and the
cotangent sheaf Ω1) to get a g × g matrix with entries

〈θ−1
∗ βp−1Φnωi, ωj〉 ∈ Sn.

This matrix is, by definition, our

fn
crys,p(E, θ, ω, S∗) ∈ glg(Sn).

It is easy to check that fn
crys is indeed an element of In

g (φn, φ0).
Another way to express the definition of fn

cris is the following. Let Ȟ :=
H1

DR(Ě/S0). By [12], p. 81, there is a canonical bilinear pairing

〈 , 〉 : Ȟ × H → S0

induced by the Poincare bundle. Now θ defines an isomorphism θDR : Ȟ → H .
Define

〈 , 〉θ : H × H → S0

by the equation
〈η1, η2〉θ := 〈θ−1

DRη1, η2〉.
The pairing 〈 , 〉θ is perfect, antisymmetric, and H0(E, Ω1) is an isotropic subspace.
It induces a paring, still denoted by

〈 , 〉θ : (H ⊗ Sn) × (H ⊗ Sn) → Sn.

One immediately checks that

fn
crys,p(E, θ, ω, S∗) = p−1〈Φnω, ωt〉θ.

By the way, if E = Jac(X) is the Jacobian of a (smooth projective) curve X/S0,
S0 an integral domain, and θ is induced by the theta divisor, then, under the
identification H � H1

DR(X/S0) given by the Abel-Jacobi map, the pairing 〈 , 〉θ :
H × H → S0 corresponds to the Poincare duality paring

〈 , 〉 : H1
DR(X/S0) × H1

DR(X/S0) → S0;

one can see this, for instance using the analytic picture in [13], pp. 326-328. So if
E = Jac(X), θ is the polarization induced from the theta divisor, and S∗ is the
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prolongation sequence associated to R ∈ Wittp, then we have

(6.2) 〈Φη′, Φη′′〉θ = p · φ(〈η′, η′′〉θ)

for all η′, η′′ ∈ H1
DR(E/R); this is because the same holds for the Poicare duality

on X [11], p. 118. More generally, let us say that a principally polarized Abelian
scheme (E, θ) over a ring S is complementable if there exists a principally polarized
Abelian scheme (E′, θ′) over S and an isogeny of degree prime to p from E×E′ into
a Jacobian of a curve over S. The isogeny is assumed, as usual, to be defined over S
and, as usual, is not required to preserve polarizations. Then it is trivial to check,
using the information on Jacobians, that (6.2) holds for all η′, η′′ ∈ H1

DR(E/R)
whenever (E, θ) is complementable.

Finally, let us record the following easy fact that will play a key role later.

Lemma 6.4. Let R ∈ Wittp, let (E, θ, ω) ∈ Mg(R), and assume (E, θ) is com-
plementable. Set f i

cris := f i
cris,p(E, θ, ω) ∈ R, i = 1, 2, and assume det f1

cris ∈ R×.
Then (ωt, Φωt) is a basis for H = H1

DR(E/R) and the matrix of Φ : H → H with
respect to this basis is

(6.3)
[

0 I
M N

]
,

where
M = φ(f1

cris) · ((f1
cris)

t)−1, N = f2
cris · (f1

cris)
−1.

Proof. The matrix of Φ : H → H has the form (6.3) with M, N satisfying

(6.4) Φ2ω = M · ω + N · Φω.

Taking 〈 , ωt〉θ and 〈 , Φω〉θ in (6.4) and using the antisymmetry of 〈 , 〉θ as well
as its compatibility with Φ we derive the desired expressions for M and N . �

6.4. Jet construction. In this section we construct, for any R ∈ Wittp, a se-
quence of maps

(6.5) f r
jet,p : Mg(R) → R.

Theorem 6.6 below will say, in particular, that these maps “extend” (uniquely) to
Siegel δ−modular forms f r

jet,p ∈ Ir
g (φr, φ0).

Let (E, θ, ω) ∈ Mg(R). Consider the projection π : Jr(Eˆp) → Eˆp and let
Np be the kernel of π. Then Np can be identified with the (p−adic completion of
the) affine space of dimension rg over R. Now π locally has sections so it induces a
1−cocycle on Eˆp with values in the sheaf of Np−valued functions. We can consider
the group homomorphism Np → (Gg

a)̂ p induced by the series Lr
p constructed in

Section 5; the image of our cocycle via this homomorphism defines a vector of
cohomology classes in H1(E,O). Using the polarization θ one can pull back these
classes to the Lie algebra H0(E, TE/R) and one can pair the result with ω to get a
matrix f r

jet,p(E, θ, ω) ∈ glg(R). (More details on this construction will be given in
Section 7.)

For g = 1 it is known from [8] that the maps (6.5) extend to δ−modular forms
f r

jet,p ∈ Ir
1 (φr , φ0); if we view f1

jet,p as an element of Zp[a4, a6, a
′
4, a

′
6, ∆−1 ]̂ p, then

its reduction mod p, viewed as an element f̄1
jet,p ∈ Fp[a4, a6, a

′
4, a

′
6, ∆

−1], was com-
puted explicitly by C. Hurlburt [15] in the following theorem.
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Theorem 6.5 ([15]).

f̄1
jet,p = c̄Ēp−1∆̄−p(2ap

4a
′
6 − 3ap

6a
′
4) + f̄0,

where c ∈ Z×
p , Ēp−1 ∈ Fp[a4, a6] is the reduction mod p of the normalized Eisenstein

form of weight p − 1 (the Hasse invariant) and f̄0 ∈ Fp[a4, a6, ∆−1], with ∆̄pf̄0 ∈
Fp[a4, a6] a polynomial of weight 11p − 1.

For arbitrary g the following theorem will be proved in section 7:

Theorem 6.6. The maps (6.5) extend uniquely to Siegel δ−modular forms f r
jet,p ∈

Ir
g (φr , φ0) satisfying the following properties:

1. For each r and variable g, the forms f r
jet,p are compatible with products of

principally polarized Abelian schemes.
2. If R ∈ Wittp and (E, θ, ω) ∈ Mg(R), then f1

jet,p(E, θ, ω) = 0 if and only if
the p−power Frobenius of E ⊗ (R/pR) lifts to E. (By a lifting to E we mean, of
course, a φ−linear lifting.)

3. If R ∈ Wittp and (E, θ, ω) ∈ Mg(R) is such that

det(f1
jet,p(E, θ, ω)) ∈ R×,

then there exists a (unique) g−tuple of δ−characters of E of order ≤ 2 whose
Picard-Fuchs operator has the form

φ2 − f2
jet,p(E, θ, ω)[f1

jet,p(E, θ, ω)]−1φ + h

for some h ∈ glg(R).
4. Let M∗ ∈ Prolp, B = Spec M0, (E, θ, ω) ∈ Mg(B) and let H̄ = H̄(Ē, θ̄, ω̄)

be the associated Hasse-Witt matrix. Then

f̄ r
jet,p(E, θ, ω, M∗) = (f̄1

jet,p(E, θ, ω, M∗))F r−1 · H̄F r−2 · · · H̄F · H̄.

The upper F here means, of course, the image under the p−power Frobenius.
A by-product of our theory will be the following strengthening of one of our main

results in [5]; the theorem below plays a key role in our paper [9] where we prove
what we call an “infinitesimal Lang-Mordell” theorem.

Theorem 6.7. Let R ∈ Wittp and let (E, θ, ω) ∈ Mg(R), E/R with ordinary
reduction mod p. Let qij(E) ∈ 1 + pR be the Serre-Tate parameters of E, 1 ≤
i, j ≤ g, and assume det((qij(E) − 1)/p) ∈ R×. Then det f1

jet,p(E, θ, ω) ∈ R×.
Moreover there exists a g−tuple of δ−characters of E of order ≤ 2 whose Picard-
Fuchs operator has the form φ2 + λ1φ + λ0, with detλ1 ∈ R×.

This will be used in conjunction to the following easy lemma which was proved
in [9]:

Lemma 6.8 ([9]). Let W ∈ Wittp have an algebraically closed residue field k and
set R2 = R/p2R. Assume Ck/k is an ordinary, non-hyperelliptic curve of genus g
and let Def(Ck, R2) be the set of isomorphism classes of liftings of Ck to R2 (the
latter has a structure of affine space over k). Then there exists a dense Zariski open
set V ⊂ Def(Ck, R2) such that any curve C/R whose reduction mod p2 belongs to
V has the property that its Jacobian has Serre-Tate parameters qij ∈ 1 + pR with

det((qij − 1)/p) ∈ R×.
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One more notation is needed for the statement of the following theorem. Assume
B = Spec M is a smooth affine scheme over Z. Let M r

p := O(Jr(Bˆp)); so in
particular M0

p = Mˆp. For each p we have a prolongation sequence M∗
p ∈ Prolp.

Then for any (E, θ, ω) ∈ Mg(B) and any prime p, which is not invertible on B, we
denote by f r

p (E, θ, ω) the matrix

f r
p (E ⊗ M0

p , θ ⊗ M0
p , ω ⊗ M0

p , M∗
p ) ∈ glm(M r

p ) = glm(O(Jr(Bˆp))).

The following theorem will be proved in Section 8:

Theorem 6.9. The forms f r
jet,p in Theorem 6.6 have, in addition, the following

property. For any smooth affine scheme B/Z and any (E, θ, ω) ∈ Mg(B) there
exists a finite set of primes S and a dense affine Zariski open set B′ of B such that
the image of the family

(f r
jet,p(E, θ, ω)) ∈

∏
p�∈S

glg(O(Jr(Bˆp)))

in the product ∏
p�∈S

glg(O(Jr(B′ˆp)))

is Fermat.

Remark 6.10. In order to prove Theorem 6.9, it is enough to prove a weaker version
of it obtained by replacing, in its statement, the words “Zariski open set” by “etale
open set” and the word “Fermat” by the words “formally Fermat”. Indeed assume
we have proved this weaker version. By Proposition 4.1 we may assume that we
have an isomorphism of families with Fermat structure (O(Jr(Bˆp))) � (O(B)[t]̂ p)
and (O(Jr(B′ˆp))) � (O(B′)[t]̂ p) for some indeterminates t. But then Theorem
6.9 follows from its weaker version via Proposition 3.10.

In case g = 1 we will prove a more precise statement:

Theorem 6.11. Assume that g = 1. Then there exists a finite set of primes S such
that if N is the product of the primes in S, B = Z[1/N ][a4, a6, ∆−1], and (E, θ, ω)
is the standard elliptic curve in Weierstrass form over B, then the family

(f r
jet,p(E, θ, ω)) ∈

∏
p�∈S

Zp[a4, a6, a
′
4, a

′
6, ..., a

(r)
4 , a

(r)
6 , ∆−1 ]̂ p

is Fermat.

For the Conjecture in the CM case we will need:

Theorem 6.12. There exists a finite set of primes S and a Fermat family

k = (kp) ∈
∏
p�∈S

Zp[a4, a6, a
′
4, a

′
6, ∆

−1 ]̂ p

such that for any R ∈ Wittp and any (a, b) ∈ M(R) the following holds:

if f1
jet〈a, b〉 = 0, then Λa,b = φ − pk〈a, b〉.
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6.5. Proof of Theorems 2.2, 2.3, 2.4, 2.5.

6.5.1. Let us start by proving Theorem 2.5.

Proof. Let j0 be the j−invariant of the geometric generic fiber of X/Y . This fiber
has complex multiplication by OK0 (i.e. its endomorphism ring is OK0 ; for the
terminology of complex multiplication we are using, we refer to [25]). In particular
j0 ∈ Q̄. By [25], p. 122, we must have K0 �⊂ Q(j0). Note that, due to the presence
of the invertible 1−form on X , we can write a Weierstrass equation for X with
coefficients in O(Y ). In particular j0 ∈ O(Y ). Now let E be an elliptic curve over
Q(j0) with j−invariant j0. Then E has complex multiplication by OK0 (i.e. its
endomorphism ring over Q̄ is OK0). By [25], p. 184, for any place of Q(j0) that
splits in K = K0(j0), the reduction of E at that place is ordinary. In particular
there is a finite set S of primes such that:

Fact 1. If p �∈ S splits completely in K, then the reduction of E at any place
above p is ordinary.

Upon enlarging S we claim the following is true:
Fact 2. For any a closed point y ∈ Y of characteristic p with p splitting completely

in K, the reduced elliptic curve Xy is ordinary.
Indeed, if v is the place of OQ(j0) corresponding to the map

OQ(j0) ⊂ O(Y ) → κ(y),

then, by Fact 1, the image of j0 in the residue field of OQ(j0) at v is an ordinary
j−invariant. But then Xy, having the same j−invariant, is ordinary.

Next let R ∈ Wittp and P ∈ Y (R)! be such that p splits completely in K
and let XP be the elliptic curve over R, pull back of X via P . Let k = R/pR
and Xk = XP ⊗ k. Then, by Fact 2 above, Xk = Xy(P ) is ordinary, hence its
endomorphism ring Endk(Xk) is an order in the ring of integers of an imaginary
quadratic extension of the rationals [24], p. 102 and p. 137. Then the composition

OK0 → EndR(XR) → Endk(Xk)

must be an isomorphism. In particular the second arrow above is an isomorphism.
Since k is finite, by [19], pp. 177-178, it follows that the p−power Frobenius on
Xk lifts to XR. By assertion 2) in Theorem 6.6 f1

jet〈P 〉 = 0. (Here we take for
coordinates of P the corresponding coefficients of the Weierstrass equation). By
Theorems 6.2 and 6.12 the characteristic polynomial of the N(y)−power Frobenius
on Xy coincides with the characteristic polynomial of the matrix φd−1γ · · · φγ · γ
where

γ =
[

1/k〈P 〉 0
0 p · k〈P 〉

]
,

where k is the Fermat adele in Theorem 6.12. This concludes the proof of part 2)
of the Conjecture in the case of Theorem 2.5. Part 1) of the Conjecture follows
immediately. �

6.6. To prove the rest of the theorems we proceed by proving a series of lemmas.

Lemma 6.13. For any p there exists a pair (a, b) ∈ M(Zp) such that

f1
jet〈a, b〉 ∈ Z×

p .
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Proof. This follows immediately, for instance, from Hurlburt’s formula (Theorem
6.5): if one takes two pairs (a, b) and (α, β) of integers such that α = a + pn and
β = b + pm, then the difference

f1
jet〈α, β〉 − f1

jet〈a, b〉

divided out by c̄ equals the reduction mod p of

Ep−1(a, b)∆(a, b)p−1(2am − 3bn).

We conclude by choosing (a, b) such that Ea,b is ordinary, and varying m, n. �

Lemma 6.14. For each p there exists cp ∈ Z×
p , such that

f i
cris,p = cp · f i

jet,p ∈ Ii
g(φ

i, φ0)

for i = 1, 2.

Proof. By Theorem 6.3 there exist c1
p, c

2
p ∈ Zp such that

(6.6) f i
cris,p = ci

p · f i
jet,p ∈ Ii

g(φ
i, φ0)

for i = 1, 2. So it is enough to show that c1
p ∈ Z×

p and c1
p = c2

p. Indeed we cannot
have c1

p ∈ pZp because then f1
cris,p evaluated on any g−fold product of an elliptic

curve over R would be divisible by p which is not the case; cf., for instance, [8],
p. 139. To check the equality c1

p = c2
p we proceed as follows. Evaluating on g−fold

products of elliptic curves we may assume that g = 1. Pick any pair (a, b) ∈ M(R)
such that f i

jet〈a, b〉 ∈ Z×
p ; cf. Lemma 6.13. Hence we also have f1

cris,p〈a, b〉 ∈ R×.
By Theorem 6.1 and by assertions 2) and 3) in Theorem 6.6 we have that

(6.7) τa,b =
f2

jet〈a, b〉
f1

jet〈a, b〉 ,

where τa,b is the trace of the p−power Frobenius on Ea,b ⊗ Fp. By Lemma 6.4

(6.8) τa,b =
f2

cris〈a, b〉
f1

cris〈a, b〉 .

Equations (6.7), (6.8), (6.6) imply that c1
p = c2

p and we are done. �

Lemma 6.15. Let R ∈ Wittp, let (E, θ, ω) ∈ Mg(R), and assume (E, θ) is com-
plementable. Set f i

jet := f i
jet,p(E, θ, ω) ∈ R, i = 1, 2, and assume det f1

jet ∈ R×.
Then (ωt, Φωt) is a basis for H = H1

DR(E/R) and the matrix of Φ : H → H with
respect to this basis is

(6.9)
[

0 I
M N

]
,

where
M = φ(f1

jet) · ((f1
jet)

t)−1, N = f2
jet · (f1

jet)
−1.

Proof. By Lemma 6.14 det f1
cris,p(E, θ, ω) ∈ R×. Now we conclude by combining

Lemmas 6.4 and 6.14. �

6.6.1. At this point note that Theorem 2.4 on elliptic curves follows by simply
putting together Theorem 6.11, Lemma 6.15, and Lemma 6.13.
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6.6.2. Let us prove Theorem 2.2.

Proof. Let B/Z be a smooth affine scheme and let X/B be any curve of genus
g. We will show that, after replacing B by an etale open set of it, part 2) of the
Conjecture holds for X/B. We will then show that part 1) of the Conjecture holds
too if we choose B carefully.

For part 2) of the Conjecture we allow ourselves to freely replace B by (non-
empty) etale open sets of it. We may consider (E, θ, ω) ∈ Mg(B), with (E, θ) the
Jacobian of X/B. By Theorem 6.9 we may assume the family

(f r
jet,p(E/B, θ, ω)) ∈

∏
p�∈S

glg(O(Jr(Bˆp)))

is Fermat. Then Lemma 6.15 directly implies that part 2) of the Conjecture holds
for E/B (hence for X/B), with f = (fp) constructed, in the obvious way, from
f1

jet,p, f
2
jet,p, and with g = (gp) constructed from det f1

jet,p.
For part 1) of the Conjecture let us assume the classifying map B → Mg to the

moduli scheme of curves (over Z) is etale. Assume in what follows g ≥ 3 (the case
g ≤ 2 follows, for instance, from the proof of Theorem 2.3 below). We may assume
B is an open cover of a Zariski open set of Mg whose completion at each closed
point gives formal moduli. Let U ⊂ B be any non-empty open set. To conclude
the proof it is enough to find R ∈ Wittp and P ∈ U(R)! such that

(6.10) det f1
jet(E, θ, ω) ∈ R×,

where (E, θ) is the Jacobian of the curve corresponding to P . By Artin approxima-
tion [4], p. 91, it is enough to find an R ∈ Wittp with algebraically closed residue
field and P ∈ U(R) such that (6.10) holds. Fix an R ∈ Wittp with algebraically
closed residue field k. Since Mg ⊗ k is irreducible and the ordinary locus in it is
open and dense [20] it follows that, with exception of finitely many characteristics
(which we can always discard by enlarging S), the ordinary locus in U ⊗ k is non-
empty. Pick a k−point in U ⊗ k, and let Ck/k be fiber of X/B at that point. By
Lemma 6.8 and by smoothness of U/Z one can lift the k−point defining Ck/k to
an R−point P ∈ U(R) such that the corresponding curve C/R has a Jacobian with
Serre-Tate parameters qij ∈ 1 + pR satisfying det((qij − 1)/p) ∈ R×. We conclude
by Theorem 6.7. �
6.6.3. Let us prove Theorem 2.3.

Proof. Let B/Z be a smooth affine scheme and (E, θ, ω) ∈ Mg(B). As in the
preceding proof we will show that, after replacing B by an etale open set of it,
part 2) of the Conjecture holds for E/B. We will then show that part 1) of the
conjecture holds too if B is chosen carefully.

To check part 2) of the Conjecture we allow ourselves to freely replace B by etale
open sets of it. By Theorem 6.9 we may assume

(f r
jet,p(E/B, θ, ω)) ∈

∏
p�∈S

glg(O(Jr(Bˆp)))

is Fermat. By further shrinking B in the etale topology we may also assume that
(E, θ) is complementable. Then we can conclude part 2) of the Conjecture for E/B
by using Lemma 6.15.

To check part 1) of the Conjecture consider the moduli scheme Ag,N of principally
polarized Abelian schemes of dimension g with simplectic level N ≥ 3 structure; this
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can be viewed as a smooth scheme over Spec Z[1/N ] that has irreducible geometric
fibers [12], p. 364, [22], p. 60. We will show that part 1) of the Conjecture holds
for an etale open set of Ag,N and for the universal Abelian scheme over it. Note
that det f1

jet,p induces a section σ over an appropriate line bundle over J1(Ag,Nˆp).
(Cf. [2] for more details on this.) Hence, over the Zariski open sets V of a cover
of Ag,N , σ defines functions σV,R : V (R) → R. Let R ∈ Wittp be fixed, with
algebraically closed residue field k. As in the previous proof, it is enough, by Artin
approximation, to show that any open set U ⊂ Ag,N contains a point P ∈ U(R)
such that det f1

jet〈P 〉 ∈ R×. Assume there is a U for which this is false. Since we
assumed σU,R : U(R) → R takes values in pR it follows easily (using, say, (2.7) and
(2.12) in [6]) that the section σ restricted to J1(Uˆp) must be p times another section
over J1(Uˆp). Since Ag,N ⊗ k is irreducible and reduced it follows that the section
σ, viewed as a section over the whole of J1(Ag,Nˆp), is p times another section over
J1(Ag,Nˆp). In particular det f1

jet(E, θ, ω) ∈ pR for any (E, θ, ω) ∈ Mg(R). But
this clearly contradicts Lemma 6.13. This concludes our proof. �

7. Differential modular forms from p−jets: Fixed p

7.1. The aim of this section is to prove Theorem 6.6 and, as a by-product, Theorem
6.7. So in this section p is a fixed prime. Let M∗ ∈ Prolp, B = Spec M0, and let
(E, θ, ω) ∈ Mg(B). Our aim is to construct a matrix

f r
jet,p(E, θ, ω, M∗) ∈ glg(M r)

and show that the rule f r
p := f r

jet,p satisfies the conclusions of Theorems 6.6 and
6.7.

Set B = Spec M0, Br = Spf M r; so B0 = Bˆp. Now if (Bi) is an affine covering
of B and if we can perform our construction for each Bi, it will be clear from our
construction that the resulting matrices will glue together to give a matrix “over
B”, as desired. We claim that, after replacing B with each of the open sets of a
suitable open covering, we may assume there exists an affine open covering U = (Ui)
of E such that, for each i, the following conditions hold:

1) There is an index i0 such that the image Z = e(B) of the zero section e : B →
E is entirely contained in Ui0 .

2) For each i one can choose etale coordinates on Ui/B, in the sense of Section
4.3.

3) The subscheme of Ui0 defined by the vanishing of its etale coordinates coincides
with Z.

Our claim is clearly true if we only want to satisfy conditions 1) and 2). Assume
that, after changing B as explained above, we found a covering (Ui) satisfying
conditions 1) and 2) and let z be etale coordinates on Ui0 , so that the map z :
Ui0 → Ag

B is etale. The composition z ◦ e is a B−point of Ag
B which we may, of

course, assume to be the point o : B → Ag
B of coordinates (0, ..., 0). Then the

morphism z−1(o(B)) → o(B) � B is etale and has a section, induced by e. It
follows that Z is open and closed in z−1(o(B)). We can cover Ui0 with affine open
sets each of which does not meet both Z and z−1(o(B))\Z. Replacing B, again,
by the open sets of a suitable affine cover of it we reach a situation where all 3
conditions above are satisfied.

In what follows we choose our etale coordinates z on Ui0 such that they satisfy
ω ≡ dz mod (z)2.
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Now the sequence z of etale coordinates on Ui0 is trivially seen to be a regular
sequence in O(Ui0 ), hence the graded ring associated to the ideal (z) in O(Ui0 ) is
isomorphic to a ring of polynomials over M0. This immediately implies that the
(z)−adic completion of O(Ui0) is naturally isomorphic to M0[[z]]. Taking comple-
tions along the zero sections of E ×B E and E, and the morphism between them
induced by the group law we get, by the above remarks, a formal group law in
Φ(z1, z2) ∈ M0[[z1, z2]]g, attached to E. This will play a role later.

7.2. By the discussion in Section 4.3, for each i, the projection Jr(Uiˆp, M∗) →
Uiˆp ×B0 Br has a section si. Let Np = N r

p be the kernel of Jr(Eˆp, M∗) →
Eˆp ×B0 Br. For any i, j we may consider the difference, in E, of the sections si, sj;
it induces morphisms

(∗) si − sj : Uijˆp ×B0 Br → Np,

where Uij := Ui ∩ Uj .

7.3. Let
l(z) =

∑
n≥1

anzn

be the logarithm of the formal group law Φ attached to E and let e be the expo-
nential. On the other hand, note that by Section 4.3, Np identifies, as a formal
scheme, with the (p−adic completion of the) affine space (Arg

Mr )̂ p with coordinates
z′ = δz, z′′ = δ2z, ..., z(r) = δrz. Via this identification, the group law on Np in-
duces a group law on (Arg

Mr )̂ p. This group law can be explicitly computed in terms
of the formal group law Φ as follows. As for E/B, one can attach to Jr(Eˆp) a
formal group law over the ring M r; it will be given by the tuple of formal series
(Φ, δΦ, ..., δrΦ) in the variables z = (z1, z2), z′ = (z′1, z′2),..., z(r) = (z(r)

1 , z
(r)
2 ). The

formal group law of Np is given, then, by the tuple

([δΦ] ◦ [0, z′, ..., z(r)], ..., [δrΦ] ◦ [0, z′, ..., z(r)]).

As noted in Section 5.2, however, these are restricted power series (rather than
mere formal power series), so the addition [+] on (Arg

Mr )̂ p induced by that on Np

is given by precisely this tuple. Let us consider, following Section 5.2, the series

Ls
p = Ls

p(z
′, ..., z(s)) :=

1
p
[lφ

s

] ◦ [φs(z)] ◦ [0, z′, ..., z(s)] ∈ M s[z′, ..., z(s) ]̂ p

for 1 ≤ s ≤ r. By Proposition 5.1 , Ls
p ≡ (z′)ps−1

mod (p), and so Ls
p ≡ (L1

p)ps−1

mod (p). Also, by Proposition 5.2, the following formula holds:

Ls
p((z

′
1, ..., z

(s)
1 )[+](z′2, ..., z

(s)
2 )) = Ls

p(z
′
1, ..., z

(s)
1 ) + Ls

p(z
′
2, ..., z

(s)
2 ).

The pull-back via the map (∗) in Section 7.2 of the coordinates z′, ..., z(r) on Arg

gives rise to column vectors

α1
ijp, ..., α

r
ijp ∈ O(Uijˆp ×B0 Br)g.

Define, for 1 ≤ s ≤ r,

ϕs
ijp := Ls

p(α
1
ijp, ..., αs

ijp) ∈ O(Uijˆp ×B0 Br)g.

These are cocycles that define (column vectors of) cohomology classes

ϕs
p ∈ H1((E ⊗ M s

p )̂ p,O(E⊗Ms
p)ˆp)g = H1(E ⊗ M s

p ,OE⊗Ms
p
)g.
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Now the isomorphism θ∗ : H0(E, TE/B) → H1(E,O) induced by θ at the level of
Lie algebras induces an isomorphism still denoted by

θ∗ : H0(E ⊗ M s
p , TE⊗Ms

p/Ms
p
) → H1(E ⊗ M s

p ,OE⊗Ms
p
).

We can define

fs
p = fs

p (E, θ, ω, M∗) := 〈θ−1
∗ ϕs

p, ω
t〉 ∈ glg(M s

p ),

where 〈 , 〉 is the natural pairing between sections of the tangent sheaf T and
sections of the cotangent sheaf Ω1. If, in all these definitions we keep s fixed and
we increase r, then, of course, fs

p does not change. Note that, as it stands, the
definition of fs

p depends a priori on the choice of the etale coordinates z.

Lemma 7.1. f r
p depends on M∗ and on the isomorphism class of (E, θ, ω) only

(but not on the choice of z).

Proof. We will show that ϕs
ijp depend on (E, θ, ω) only, but not on z. Start by

noting that

ω(z) = d(l(z)) =
∂l

∂z
(z)dz.

On the other hand, if z̃ = u(z) ∈ M0[[z]]g, u(0) = 0,

det

(
∂u

∂z
(0)

)
∈ (M0)×

and l̃ is the logarithm with respect to z̃, then we have

l̃(u(z)) =
∂u

∂z
(0) · l(z).

If we assume, in addition, that ω ≡ dz̃ mod (z), then it follows that ∂u
∂z (0) is the

identity matrix hence l̃(u(z)) = l(z), in other words [l̃] ◦ [u(z)] = [l]. It follows
that [l̃φ

s

] ◦ [uφs

(z)] = [lφ
s

]. Let L̃s
p, α̃s

ijp, and ϕ̃s
ijp be the corresponding quantities

constructed starting with the parameters z̃. We have

ϕ̃s
ijp := L̃s

p(α̃
1
ijp, ..., α̃s

ijp)

=
1
p
[l̃φ

s

] ◦ [φs(z)] ◦ [0, α̃1
ijp, ..., α̃

s
ijp]

=
1
p
[l̃φ

s

] ◦ [φs(z)] ◦ [u, δu, ..., δsu] ◦ [0, z′, ..., z(s)] ◦ [α1
ijp, ..., αs

ijp]

=
1
p
[l̃φ

s

] ◦ [φs(u(z))] ◦ [0, z′, ..., z(s)] ◦ [α1
ijp, ..., α

s
ijp]

=
1
p
[l̃φ

s

] ◦ [uφs

(z)] ◦ [φs(z)] ◦ [0, z′, ..., z(s)] ◦ [α1
ijp, ..., αs

ijp]

=
1
p
[lφ

s

] ◦ [φs(z)] ◦ [0, z′, ..., z(s)] ◦ [α1
ijp, ..., α

s
ijp]

= Ls
p(α

1
ijp, ..., αs

ijp) = ϕs
ijp

and our lemma follows. �
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7.4. A computation similar to the one above shows that if ω̃ = λω, where λ ∈
GLg(M0), and if f̃s

p is the matrix attached to (E, θ, ω̃), then we have

ϕ̃s
ijp = λφs · ϕs

ijp.

Then we have the following computation, showing that fs
p defines a Siegel δ−modular

form:

fs
p (E, θ, λω, M∗) = 〈θ−1

∗ λφs

ϕs
p, (λω)t〉

= λφs

〈θ−1
∗ ϕs

p, ω
t〉λt = λφs

· fs
p (E, θ, ω, M∗) · λt.

7.5. The following computation shows that fs
p is isogeny covariant. Let (E1, θ1, ω1),

(E2, θ2, ω2) ∈ Mg(S), and let u : A1 → A2 be an isogeny of degree prime to p such
that u∗ω2 = ω1. Note that the isomorphism

γ = u ◦ ut : E2
θ2→ Ě2

ǔ→ Ě1
θ−1
1→ E1

u→ E2

induces an isomorphism at the level of Lie algebras

γ∗ : H0(E2, TE2/B) θ2∗→ H1(E2,O) ǔ∗=u∗
→ H1(E1,O)

θ−1
1∗→ H0(E1, TE1/B) u∗→ H0(E, TE2/B).

Then γ∗ above is dual to γ∗ : H0(E2, Ω) → H0(E2, Ω). Note that γ∗ω2 = [ut]ω2.
Also let u∗ : H0(E2, Ω1) → H0(E1, Ω1) be the pull back induced by u; it is dual to
the Lie algebra map u∗ above. If ϕs

ip corresponds to (Ei, θi, ωi), then our construc-
tion implies that ϕs

1p = u∗ϕs
2p = ǔ∗ϕ

s
2p. Hence we have

fs
p (E1, θ1, ω1, M

∗) = 〈(θ1∗)−1ϕs
1p, ω

t
1〉

= 〈(θ1∗)−1ǔ∗ϕ
s
2p, u

∗ωt
2〉

= 〈u∗(θ1∗)−1ǔ∗ϕ
s
2p, ω

t
2〉

= 〈γ∗(θ2∗)−1ϕs
2p, ω

t
2〉

= 〈(θ2∗)−1ϕs
2p, γ

∗ωt
2〉

= 〈(θ2∗)−1ϕs
2p, ω

t
2〉 · [ut]t

= fs
p (E2, θ2, ω2, M

∗) · [ut]t.

This concludes the proof of isogeny covariance.

7.6. Let us check assertion 4 in Theorem 6.6 so let v, H̄ be as in the discussion
before Theorem 6.6. It follows from Proposition 5.1 that ϕ̄r

p ≡ (ϕ̄1
p)

pr−1
mod p,

where the upper bar denotes, as usual, the reduction mod p. Write ϕ1
p = µ · θ∗v for

some µ ∈ glg(M). We have

f̄1
p = 〈θ̄−1

∗ ϕ̄1
p, ω̄

t〉 = 〈θ̄−1
∗ µ̄θ̄∗v̄, ω̄t〉 = µ̄〈v̄, ω̄t〉 = µ̄.

Since F ∗(θ̄∗v̄) = H̄ · θ̄∗v̄ it follows that

(F ∗)k(µ̄θ̄∗v̄) = µ̄F k

· H̄F k−1
· · · H̄F · H̄ · θ̄∗v̄.
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We then have

f̄ r
p = 〈θ̄−1

∗ ϕ̄r
p, ω̄

t〉
= 〈θ̄−1

∗ (F ∗)r−1ϕ̄1
p, ω̄

t〉
= 〈θ̄−1

∗ (F ∗)r−1(µ̄θ̄∗v̄), ω̄t〉

= 〈θ̄−1
∗ (µ̄F r−1

· H̄F r−2
· · · H̄F · H̄ · θ̄∗v̄), ω̄t〉

= µ̄F r−1 · H̄F r−2 · · · H̄F · H̄〈v̄, ω̄t〉

= (f̄1
p )F r−1 · H̄F r−2 · · · H̄F · H̄.

7.7. Let us check assertion 2 in Theorem 6.6. Note that f1
p (E, θ, ω) = 0 if and

only if J1(Eˆp) → Eˆp has a section hence if and only if the p−power Frobenius on
E⊗ (R/pR) lifts to an endomorphism of Eˆp. By Grothendieck’s existence theorem
the latter, if it exists, comes from an endomorphism of E and we are done.

7.8. Assertion 1 in Theorem 6.6 is easy and will be left to the reader. To conclude
the proof of Theorem 6.6 we need to verify assertion 3. Let us assume r ≥ 2 and
M∗ = R∗. For any square matrix f let f∗ denote the adjoint of f ; if f is a 1 × 1
matrix, then we set, by convention, f∗ = 1. Consider the 1−cocycle

cr
ijp := (det f1

p )ϕr
ijp − f r

p (f1
p )∗ϕ1

ijp ∈ O(Uijˆp)g.

Note that its cohomology class cr
p is trivial because

〈θ−1
∗ cr

p, ω
t〉 = (det f1

p )f r
p − f r

p (f1
p )∗f1

p = 0.

Consequently, as in Section 3.7, one can write cr
ijp = γr

ip − γr
jp for some γr

ip ∈
(O(Ui)̂ p)g. Define

Ψi := (det f1
p )Lr

p − f r
p (f1

p )∗L1
p + γr

ip ∈ ((O(Ui)[z′, ..., z(r)])̂ p)g.

Consider the isomorphism

(7.1) uip : Jr(Uiˆp) → Uiˆp × Np � Uiˆp × (Arg )̂ p

that, at the level of points of formal schemes, sends each point x of Jr(Uiˆp) into
the pair (π(x), x − si(π(x))), where π : Jr(Uiˆp) → Uiˆp is the natural projection.
If we assume that si0(0) = 0, then ui0p restricted to Np is the identity. Via the
above isomorphisms Ψr

ip give rise to elements

ψr
ip ∈ O(Jr(Uiˆp)).

We claim that ψr
ip glue together to give an element

ψr
p ∈ O(Jr(Eˆp)).

Now Jr(Eˆp) can be viewed as obtained by gluing Uiˆp × (Arg )̂ p via the isomor-
phisms

Uˆp × (Arg )̂ p → Uˆp × (Arg )̂ p,

(u′, ..., u(r)) �→ (u′, ..., u(r))[+](α1
ijp, ..., αr

ijp).

The homomorphism property of Lr
p with respect to [+] in Section 7.3 easily implies

Ψr
ip((z

′, ..., z(r))[+](α1
ijp, ..., αr

ijp)) = Ψr
jp(z

′, ..., z(r))
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which proves our claim about the possibility of gluing ψr
ip. Note that if one replaces

γr
ip by γr

ip + λp for some λp ∈ R such that ψr
p(0) = 0, then

ψr
p : Jr(Eˆp) → Gaˆp

is a homomorphism; this is proved by noting that Ψr
ip vanishes at the origin of

Jr(Eˆp), its restriction to Np is a homomorphism and is “equivariant” with respect
to the action of Np, with Np acting on the additive group by translations via the
restriction of Ψr

ip to Np. Next consider the group homomorphism

e(pz) : Gaˆp → Eˆp

defined, at the level of rings by z �→ e(pz). It induces a homomorphism

e(pz) : Jr(Gaˆp) → Jr(Eˆp).

The composition ψr
p ◦ e(pz) : Jr(Gaˆp) → Gaˆp sends z �→

∑
aiφ

i(z), ai ∈ R, and
the latter, for r = 2, is the Picard-Fuchs operator of the tuple ψ2

p. We now address
the question of computing these coefficients ai explicitly. Since ui0p is the identity
modulo z, ψr

p ◦ e(pz) is congruent modulo z with

1
p
{(det f1

p )[lφ
r

] ◦ [φr(z)] ◦ [0, z′, ..., z(r)] ◦ [δ(e(pz)), ..., δr(e(pz))](7.2)

−f2
p (f1

p )∗[lφ] ◦ [φ(z)] ◦ [0, z′] ◦ [δ(e(pz))]} + ur
p(z)

for some ur
p(z) ∈ (R[z ]̂ p)g. We want to set z = 0 in (7.2). Note that, if s ≤ r,

[lφ
s

] ◦ [φs(z)] ◦ [0, z′, ..., z(s)] ◦ [δ(e(pz)), ..., δs(e(pz))] ◦ [0, z′, ..., z(s)]

= [lφ
s

] ◦ [φs(z)] ◦ [e(pz), δ(e(pz)), ..., δs(e(pz))] ◦ [0, z′, ..., z(s)]

= [lφ
s

] ◦ [eφs

] ◦ [pφs(z)] ◦ [0, z′, ..., z(s)]

= p[φs(z)] ◦ [0, z′, ..., z(s)].

So we get that
∑

i aiφ
i(z) is congruent modulo z to

(det f1
p )[φr(z)] − f r

p (f1
p )∗[φ(z)].

We conclude that∑
i

aiφ
i(z) = (det f1

p )φr(z) − f r
p (f1

p )∗φ(z) + hr
pz

with hr
p ∈ Mat(g × g, R). This implies, in particular, assertion 4 in Theorem 6.6.

7.9. Let us prove Theorem 6.7. Set k = R/pR, Ē := E ⊗R k, J̄1(Eˆp) :=
J1(Eˆp) ⊗R k. By [5], Lemmas 4.2 and 4.4, our hypothesis on the Serre-Tate
parameters implies that the class of the extension

0 → Gg
a,k → J̄1(Eˆp) → Ē → 0

in Ext1(Ē,Ga,k) � Homk(H0(Ē, F ∗Ω1
Ē/k

), H1(Ē,O)) is invertible as a linear map.
By our proof of Theorem 6.6, this implies that det(f1

p (E, θ, ω)) ∈ R× for any θ, ω.
The ordinarity assumption translates into the fact that the Hasse-Witt matrix
H̄(Ē, θ̄, ω̄) is non-singular. We conclude by assertions 3 and 4 in Theorem 6.6.
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8. Differential modular forms from p−jets: p variable

The aim of this section is to prove Theorems 6.9, 6.11, and 6.12.

8.1. For the proof of Theorem 6.11 we shall assume we are in the following:

Situation 1. We assume E is an elliptic curve in Weierstrass form over B where

B := Spec M, M = ZS [a4, a6, ∆−1],

a4, a6 being two variables and ∆ = 4a3
4 + 27a2

6. More precisely, as we will need to
set up our notations, we let

U1 = Spec M [x, y]/(f), f = y2 − x3 − a4x − a6,

U2 = Spec M [z, w]/(g), g = w − z3 − a4zw2 − a6w
3

be glued via z �→ x/y, w �→ 1/y to give an elliptic curve E/M with origin given by
the subscheme Z of U2 defined by the ideal (z, w). We let U be the covering of E
consisting of U1 and U2 and we let ω1 = ω := dx/y. We set U = U1 ∩ U2. Note
that U = Spec M [x, y, y−1]/(f). Also, for r ≥ 1, if we take

Mr = ZS [a4, a6, a
′
4, a

′
6, a

′′
4 , a′′

6 , ..., a
(r)
4 , a

(r)
6 , ∆−1],

where a′
4, a

′
6, a

′′
4 , a′′

6 , ..., a
(r)
4 , a

(r)
6 are new variables, then M r

p := O(Jr(Bˆp)) equals
Mrˆp.

In order to prove Theorem 6.9 it is sufficient, as we noted in the remarks made
following its statement, to prove the weaker version in which the words “Zariski
open set” are replaced by “etale open set” and the words “Fermat” are replaced
by “formally Fermat”. Let us also note that one can make a series of reductions
as follows. Our first remark is that if (E, θ, ω), (E′, θ′, ω′) ∈ Mg(B), with B ir-
reducible, and if E and E′ become isogenous over the geometric generic point of
B, then Theorem 6.9 is true for (E, θ, ω) if and only if it is true for (E′, θ′, ω′).
Indeed after replacing B by an etale affine open set of it we may assume there is
an isogeny between E and E′ over B, whose degree is invertible on B; then we use
the “covariance property” with respect to the 1−forms and the isogeny covariance
of f r

p . Our second remark is that for any Abelian variety A over an algebraically
closed field of characteristic zero there is an Abelian variety Ã such that A × Ã is
isogenous to the Jacobian of a curve. Using this remark, the first remark and the
compatibility of f r

p with products, we see that, in order to prove Theorem 6.9, it
is enough to do it in case E/B is the Jacobian of a curve C/B equipped with a
B−point. Now, by further replacing B with an etale dense open set of it, and using
Corollary 3.8 and Section 7.1, we may assume, in Theorem 6.9, that we are in the
following:

Situation 2. B = Spec M/Z possesses special etale coordinates, hence, by Proposi-
tion 4.1, the family of rings (M r

p ) := (O(Jr(Bˆp))) is isomorphic in FAlg to (Mrˆp),
where Mr is a polynomial ring over M in several variables. (Note, by the way, that
all these conditions are also true in Situation 1 above.) Moreover we assume E/B
is the Jacobian of a smooth projective curve C/B of genus g ≥ 1, possessing a
B−point O, and we let α : C → E be the Abel-Jacobi map corresponding to O.
We assume we have an affine open covering U = (Ui) of E such that for each i, Ui/B
has special etale coordinates in the sense of Section 4.3 and for any two open sets
Ui and Uj in U we have that Uij := Ui ∩Uj is principal in both Ui and Uj. We also
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assume the induced covering U ∩ C of C is prepared (in the sense of Section 3.6).
We finally assume that one of the open sets in the covering, call it Ui0 , contains
the image of the zero section of E/B and we assume that the scheme whose ideal
is generated by the chosen special etale coordinates on Ui0 coincides with the zero
section of E/B. We will consider any principal polarization θ on E/B (this can be,
for instance, the canonical polarization defined by C) and we let ω be a basis for
H0(E, Ω1

E/B).

We will show in both Situations 1 and 2 that, after suitably enlarging S, the
family of matrices

(f r
p (E, θ, ω)) ∈

∏
p�∈S

glg(Mrˆp)

is formally Fermat (and, indeed, Fermat for g = 1). We will treat Situations 1 and
2 simultaneously. (For this reason, in Situation 1, we use the notation C = E.)
What we are going to do will be to go back to our construction in Section 7 and
show, step by step, that all the relevant objects there form Fermat families.

The diagonal map Uij → Uij ×B Uij induces a morphism in FSch:

(Uijˆp ×Bˆp Jr(Bˆp))coarse → ((Uij ×B Uij )̂ p ×Bˆp Jr(Bˆp))coarse.

By Propositions 4.4 and 4.5 we get a morphism

(8.1) ∆ : (Uijˆp×Bˆp Jr(Bˆp))ind,Uij → ((Uij ×B Uij )̂ p×Bˆp Jr(Bˆp))ind,Uij×BUij .

Due to Proposition 4.7 in Situation 1 and to Proposition 4.1 in Situation 2 there
exist sections

si : (Uiˆp ×Bˆp Jr(Bˆp))coarse → (Jr(Uiˆp))coarse

in FSch of the natural projections. Since Uij is principal in both Ui and Uj,
Corollary 4.6 implies that si and sj induce sections in FSch

sij , sji : (Uijˆp ×Bˆp Jr(Bˆp))coarse → (Jr(Uijˆp))coarse,

respectively. By Section 4.5 we have an induced morphism

(8.2) sij×sji : ((Uij×BUij )̂ p×BˆpJr(Bˆp))ind,Uij×BUij → (Jr((Uij×BUij )̂ p))full

in FSch. The inclusion Uij ×B Uij → E ×B E induces a morphism in FSch

(8.3) (Jr((Uij ×B Uij )̂ p))full → (Jr((E ×B E)̂ p))full.

The difference map E ×B E → E induces a morphism in FSch

(8.4) (Jr((E ×B E)̂ p))full → (Jr(Eˆp))full.

Composing (8.1) through (8.4) we get a morphism in FSch

(8.5) sij − sji : (Uijˆp ×Bˆp Jr(Bˆp))ind,Uij → (Jr(Eˆp))full.

Now we choose an open set W ⊂ E as follows. In Situation 1 we let W ⊂ U2 be
the affine open set where (1− a6w

2)∂g/∂w is invertible. Then W contains the zero
section Z of the projection E → B and z is a special etale coordinate on W/B
that defines Z as a subscheme. In Situation 2 we let W = Ui0 ; then, again, by our
assumptions in Situation 2, W contains the zero section Z of the projection E → B
and W has special etale coordinates that define Z scheme theoretically. After a
linear change we may assume these coordinates z are such that ω ≡ dz mod (z).
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Set Yp = Wˆp ×Bˆp Jr(Bˆp). By Proposition 4.1 and Section 4.4 there is a
canonical trivialisation in FSch

(8.6) (Jr(Wˆp))full � (Yp × (Arg )̂ p)ind,W = ((W × Arg )̂ p ×Bˆp Jr(Bˆp))ind,W

over (Yp)full, attached to z. Let πp : Jr(Eˆp) → Eˆp be the natural projections
and let Np := π−1

p (Zˆp). Then (Np) is closed in (Jr(Eˆp))full so it has a deduced
Fermat structure (Np)ded,E in the sense of Section 3.3. On the other hand (Np) is
also closed in (Jr(Wˆp))full so it has a different deduced structure (Np)ded,W . It is
a trivial exercise to check, however, that we have an isomorphism in FSch

(8.7) (Np)ded,E � (Np)ded,W .

Clearly the morphism (8.5) has the property that for each p the image of

Uijˆp ×Bˆp Jr(Bˆp) → Jr(Eˆp)

is contained in Np. By Proposition 3.1 the morphism (8.5) factors through a mor-
phism in FSch

(8.8) (Uijˆp ×Bˆp Jr(Bˆp))ind,Uij → (Np)ded,E.

Composing with (8.7) we get a morphism in FSch

(8.9) sij − sji : (Uijˆp ×Bˆp Jr(Bˆp))ind,Uij → (Np)ded,W .

Now (8.6) induces an isomorphism in FSch

(8.10) (Np)ded,W � ((Z × Arg )̂ p ×Bˆp Jr(Bˆp))ded,

where
((Z × Arg )̂ p ×Bˆp Jr(Bˆp))ded

is viewed as a closed family in

((W × Arg )̂ p ×Bˆp Jr(Bˆp))ind,W ,

viewed with the deduced structure from the latter in the sense of Section 3.3. It is
a straightforward verification that we have an isomorphism in FSch

(8.11) ((Z × Arg )̂ p ×Bˆp Jr(Bˆp))ded → ((Arg )̂ p × Jr(Bˆp))ind,B ,

where ((Arg )̂ p × Jr(Bˆp))ind,B has the structure induced from B in the sense of
Section 3.2. From (8.9), (8.10), (8.11) we get a morphism in FSch

(8.12) γ := γij : (Uijˆp ×Bˆp Jr(Bˆp))ind,Uij → ((Arg )̂ p × Jr(Bˆp))ind,B

Note that, by Section 4.4, the coordinates on Arg correspond, via the morphism
obtained by composing (8.10) with (8.11), to z′, z′′, ..., z(r).

As in Section 7, the isomorphisms (8.10) and (8.11) induce, for each p, an iso-
morphism Np � (Arg )̂ p × Jr(Bˆp) and, via these isomorphisms, the group law
on Np induces a group law on (Arg )̂ p × Jr(Bˆp) that we computed there. The
pull-back via (8.12) of the coordinates z′, ..., z(r) on Arg gives rise to a families

(8.13) (α1
ijp), ..., (αr

ijp) ∈
∏
p�∈S

O(Uijˆp ×Bˆp Jr(Bˆp))g

with the property that there exists a covering of Uij with affine open sets such that
for each open set V of the covering the images of (the components of) (α1

ijp), ...,(αr
ijp)

in
∏

p�∈S O(Vˆp×BˆpJr(Bˆp)) are Fermat families. Now by the same arguments as in
Proposition 4.5 it is easy to see that (O(Vˆp×Bˆp Jr(Bˆp))), with its product Fermat
structure isomorphic to (O(Vˆp×Akr )̂ p), with its standard Fermat structure, where
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k is the relative dimension of B/ZS . Hence, upon enlarging S, there exist, by Propo-
sition 3.2, sequences (αsν

ijp), (αs
ijpν), of elements in

∏
p�∈S O(Uijˆp ×Bˆp Jr(Bˆp))g,

with (αsν
ijp) Fermat families, such that

(8.14) αs
ijp − αsν

ijp = pναs
ijpν

for p �∈ S. The definition

ϕs
ijp := Ls

p(α
1
ijp, ..., αs

ijp)

in the last section can be supplemented by defining

(8.15) ϕsν
ijp := Ls

p(α
1ν
ijp, ..., αsν

p ) ∈ O(Uijˆp ×Bˆp Jr(Bˆp))g .

By (8.14) we have

(8.16) ϕs
ijp − ϕsν

ijp = pνϕs
ijpν

for ϕs
ijpν ∈

∏
p�∈S O(Uijˆp ×Bˆp Jr(Bˆp))g. Note that, for p and s fixed, (ϕs

ijp) is
a cocycle, i.e. an element in Z1(U ,Og

Eˆp×Bˆp Jr(Bˆp)) while (ϕs
ijp) is a priori not;

however, for fixed i, j, s the family (ϕsν
ijp) is Fermat, hence the family (ϕs

ijp) is
formally Fermat. Let us consider the formally Fermat family of cocycles

(α∗ϕs
ijp) ∈

∏
p�∈S

O(Cijˆp ×Bˆp Jr(Bˆp))g

obtained by restricting ϕs
ijp to the completions of Cij := C ∩ Uij . As in Section

3.7, this family induces a family

(α∗ϕs
p) ∈

∏
p�∈S

H1(C ⊗ Msˆp,OC⊗Msˆp)g

of (vectors whose components are) cohomology classes.
Now we can pair this family of cohomology classes α∗ϕs

p, via Serre duality 〈 , 〉C
on C, with the 1−forms α∗ω, pull backs of ω via the Abel-Jacobi map. We claim
that there exists an invertible matrix Σ ∈ GLg(M), independent of p, such that

f r
p (E, θ, ω) = 〈α∗ϕs

p, α
∗ωt〉C · Σt.

Since, by Corollary 3.9, the family

(〈α∗ϕs
p, α

∗ωt〉C) ∈
∏
p�∈S

glg(Msˆp)

is formally Fermat, it will follow that so is (f r
p (E, θ, ω)) which will close the proof

of Theorem 6.9. To check the claim above consider the isomorphisms

θ∗ : H1(E,O) → H0(E, T ) � H0(E, Ω1)D,

u : H1(E,O) α∗
→ H1(C,O) s→ H0(C, Ω1)D α∗D

→ H0(E, Ω1)D,

where s is the Serre duality and the upper D means “M−linear dual”. Then
θ−1
∗ u−1 = βD for some M−linear automorphism β of H0(E, Ω1). Consider the

isomorphism

σ : H0(E, Ω1)
β→ H0(E, Ω1) α∗

→ H0(C, Ω1)
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and write σω = Σ · α∗ω. Then we have

f r
p (E, θ, ω) = 〈θ−1

∗ ϕr
p, ω

t〉
= 〈θ−1

∗ u−1uϕr
p, ω

t〉
= 〈βDα∗Dsα∗ϕr

p, ω
t〉

= 〈σDsα∗ϕr
p, ω

t〉
= 〈sα∗ϕr

p, σωt〉
= 〈α∗ϕr

p, α
∗ωt〉C · Σt

and our claim is proved. This closes the proof of Theorem 6.9.

8.2. From now on we will assume we are in Situation 1 and concentrate on the
proof of Theorem 6.11. Note that Σ above is easily seen, in Situation 1, to be
merely a unit in the ring Z[1/6]. After a normalization, we may, and will, assume
Σ = 1.

The cohomology group H1((E ⊗M Mr )̂ p,O) � H1(E ⊗M Mr,O)̂ p is a free
Mr−module of rank one with basis the cohomology class of the Cech cocycle
x2y−1 ∈ O(U ⊗M Mr )̂ p. Assume now that

gp := (
∑

i,j∈Z

aijpyiwj) + (
∑

i,j∈Z

bijpy
iwj)x + (

∑
i,j∈Z

cijpy
iwj)x2 ∈ Mr[x, y, w]̂ p.

Then gp(x, y, y−1) ∈ O(U ⊗M Mr )̂ p, viewed as a Cech cocycle (for the covering
E = U1∪U2, with values in the structure sheaf OE), is cohomologous to gres,px

2y−1

where
gp,res := (

∑
i−j=−1

cijp) ∈ Mr

is the coefficient of x2y−1 in gp(x, y, y−1). Moreover the difference gp − gp,resx
2y−1

can be explicitly represented as a coboundary gp1 − gp2 with

gp1 := (
∑
i≥j

aijpy
i−j) + (

∑
i≥j

bijpy
i−j)x + (

∑
i≥j

cijpy
i−j)x2 ∈ O(U1 ⊗M Mr )̂ p,

gp2 := (
∑
j>i

aijpwj−i)+(
∑
j>i

bijpw
j−i−1)z+(

∑
j>i+1

cijpwj−i−2)z2 ∈ O(U2 ⊗M Mr )̂ p.

(Here we view gpi both as polynomials and as elements of O((Ui ⊗M Mr )̂ p); there
is no ambiguity because these polynomials have degree ≤ 2 in x.) Note that the
operations gp �→ gp,res, g �→ gp1, g �→ gp2 are additive maps on the space of
all quadratic polynomials in x with coefficients in Mr[y, w]̂ p and they vanish on
polynomials divisible by yw − 1. Note also that gp2 vanishes for z = w = 0. If

(gp) ∈
∏
p�∈S

Mr[x, y, w]̂ p

is a Fermat family (with respect to the standard Fermat structure), then, by Remark
2.16, (gp1) is a Fermat family; it is an easy exercise to show that (gp2) and (gp,res)
are Fermat families as well. It is convenient to give a name to the equality

(8.17) gp(x, y, y−1) = gp,resx
2y−1 + gp1 − gp2.
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We shall call it the standard decomposition of gp(x, y, y−1). Note that if a regular
function on U1ˆp ∩U2ˆp is given by gp(x, y, y−1), ηp ∈ H1(E,O) is the cohomology
class defined by this function, and ω = dx/y, then

〈ηp, ω〉 = gp,res.

Write
U = Spec M [x, y, y−1]/(f) = Spec M [x, y, w]/(f, yw − 1).

Since we are in Situation 1 we will systematically drop the index 12, e.g. we simply
denote αs

12p, α
sν
12p, ϕ

sν
12p, ϕ

s
12pν by αs

p, α
sν
p , ϕsν

p , ϕs
pν and let these be images of some

series As
p, A

sν
p , F sν

p , F s
pν ∈ Ms[x, y, w]̂ p, where p �∈ S, and (Asν

p ) are Fermat. Set

(8.18) F s
p := Ls

p(A
1
p, ..., A

s
p), F sν

p := Ls
p(A

1ν
p , ..., Asν

p ).

(Note that F s
p lifts ϕs

p.) Now (8.16) yields

(8.19) F s
p = F sν

p + pνF s
pν + fGsν

p + (yz − 1)Hsν
p

for some Gsν
p , Hsν

p ∈ M2[x, y, w]̂ p. Apply, to (8.19), the (additive) operator

rf : Ms[x, y, w]̂ p → Ms[x, y, w]̂ p

that takes the remainder in the division by f , where f is viewed as a monic polyno-
mial of degree 3 in x. This operator kills multiples of f and takes Fermat families
into Fermat families, by Remark 2.14. Replacing the terms in (8.19) by their images
under rf we may assume that all terms in (8.19) are polynomials of degree ≤ 2 in
x and Gsν

p = 0. Now apply the operators introduced before (8.17); we get

(8.20) F s
p,res = F sν

p,res + pνF s
pν,res, F s

pi = F sν
pi + pνF s

pνi, i = 1, 2.

Then fs
p := fs

p (E, θ, dx/y) = F s
p,res; also (fsν

p ) := (F sν
p,res) are Fermat families.

Hence
(fs

p ) ∈
∏
p�∈S

Msˆp

are formally Fermat families. By further enlarging S we may assume, by Proposition
3.4, that (fs

p ) are Fermat families. This closes the proof of Theorem 6.11.

8.3. We conclude by proving Theorem 6.12.

Proof. We will borrow notations from the previous discussion. Recall that (F r
pi),

viewed as elements of ∏
p�∈S

O(Ui ⊗M Mr )̂ p,

are formally Fermat. Also, by manipulations similar to the ones in the beginning
of this section one easily shows that the family

(8.21) (uip) : (Jr(Uiˆp))full → (Uiˆp × (Arg )̂ p ×Bˆp Jr(Bˆp))ind,Ui

considered already in the proof of Theorem 6.6 is Fermat. Composing (8.21) with
the inverse of (8.6) we get a Fermat family of maps from the right-hand side of
(8.6) to the right-hand side of (8.21); hence, specializing to the case r = 1 and due
to Proposition 3.2, we may assume (after enlarging S) that the family induced by
u2p

(8.22) O(U2 ⊗M M1)[z′ ]̂ p → O(W ⊗M M1)[z′ ]̂ p
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takes z′ into a formally Fermat family which is congruent to z′ mod z hence has
the form (z′ + zvp) for some vp. Of course (8.22) will take F 1

p2 into the natural
restriction of F 1

p2. Next write W in the form

W = Spec(M [z, w]/(g))H = Spec Z[a4, a6, z, w, t]/(g, tH − 1),

where H = ∆(1 − a6w
2) ∂g

∂w ; note that H(0, 0) = ∆.

Claim. One can write
zvp = zv∗p + z2v∗∗p + zwv∗∗∗p

for some v∗p, v∗∗p , v∗∗∗p with (v∗p) formally Fermat.

Indeed one can write vp as the class of Vp ∈ Zp[a4, a6, z, z′, w, t]̂ p such that zVp

is in the ideal generated by V
(n)
p , pn, g, Ht − 1, with (V (n)

p ) Fermat. Taking d/dz
and setting z = w = 0 we get that Vp|z=w=0 is formally Fermat and we are done
by letting v∗p be the image of the latter.

By Lemma 4.2 there is a Fermat family (wp(z)) ∈
∏

p�∈S M [z ]̂ p such that
g(pz, pwp(z)) = 0. Making the substitution z �→ p−1e(pz) we get

(8.23) g(e(pz), pwp(p−1e(pz))) = 0.

We define a family of M1−algebra maps

(8.24) O(W ⊗M M1)[z′ ]̂ p � O(J1(Wˆp)) → M1[z, z′]̂ p

by sending

z(i) �→ δi(e(pz)),

w(i) �→ δi(pwp(p−1e(pz))),

t(i) �→ δi[H(e(pz), pwp(p−1e(pz)))−1].

The right-hand side of the above formulae is trivially seen to be Fermat, hence
(8.24) is Fermat. Let

Σ1 := L1
p(z

′) − F 1
p1 ∈ O(U1 ⊗M M1)[z′ ]̂ p,

Σ2 := L1
p(z

′) − F 1
p2 ∈ O(U2 ⊗M M1)[z′ ]̂ p.

By the claim above the composition of (8.22) and (8.24) sends Σ2 into a family of
the form

1
p
lφ(p(δ(e(pz)) + e(pz)m∗

p + e(pz)2m∗∗
p + e(pz)pwp(p−1e(pz))m∗∗∗

p ))(8.25)

−F 1
p2(e(pz), pwp(p−1e(pz))),

where (m∗
p) is the image of (v∗p); so (m∗

p) is formally Fermat, hence Fermat. Hence
the result m0

p obtained by setting z = z′, z = 0 in m∗
p will also form a Fermat family

in the product of the M1ˆp’s. This immediately implies that the coefficient of z in
(8.25) has the form pkp, where (kp) ∈

∏
M1ˆp is Fermat. On the other hand the

coefficient of z′ in (8.25) is immediately seen to be p (just set z = 0 in (8.25)).
Now, for any point P = (a, b) ∈ M(R) such that f1〈a, b〉 = 0, we have an induced

map M1 → R; let σ1, σ2 be the images of Σ1, Σ2 in

O(U1 ⊗ R)[z′ ]̂ p, O(U2 ⊗ R)[z′]̂ p.
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Then, due to the condition f1〈a, b〉 = 0, σ1 and σ2 glue together to give a ho-
momorphism J1((E ⊗ R)̂ p) → Ga, hence a δ−character of order 1 of E whose
Picard-Fuchs operator Λa,b = λ1φ(z) + λ0z, λ0, λ0 ∈ R, is obtained by specializ-
ing (8.25) to R. Since the coefficient of z′ in Λa,b is p, we conclude that λ1 = 1.
Moreover λ0 = pk〈a, b〉. We conclude that

Λa,b = φ(z) − pk〈a, b〉.

�
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